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1R I E) 0.2 molelliter 1 A% 0.4 molefliter U D -
S H T D k=04, k, =02, ks =0,05 »
PP R B R SRR TR A SRR RS A D

dy.

d_tl =-0.4y,y,

dy, dy,

Y2 M g2
at ot YoYa

dy

d_t3 =0.2y,Yy,

% = % - % —0.05y2
dt dt a0

1.C. %1(0)=0.2,y,(0)=0,y;(0)=0, y,(0) =04

BRI Ml o g 0~200 FJfe] A L1 A 50 i R e AR
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-T™ %bﬂ*’?*@ﬁll ' j‘/’?ﬁﬂf&'ﬁ?ﬂ P IHP B A “Wﬁx_ o) W)
— %IHF\TJ}iﬁféﬂbﬁ' 553 AN o A, ~ [l R ot ARGy
B H*"WAJF% F RS —FZ\' E‘IJT'IFT - [l FR @Qﬂﬂiﬁlfﬂﬁf Bl 'ol’r]f%”\fy
s-Eal

F'J i3 AN DR R o S EIE (VP Initial Value Problem)
w35l [l f f (BVP, Boundary Value Problem) - ][I

IVP: y"=x*+y* y(0)=1,y'(0)=1 (8-0.1)
BVP: y'=x*+y? y(0)=1,y@)=2 (8-0.2)
iy % (dy/dx) < IVP= BVP FUZ jf[ a4 IVP g {9 [~ x g
I'E BVP & E?l [:E_’I E'l %L?i [ﬁ 47\ [f' [“L'FLF[[ o
I SE L U R R AT 9 S B 2R Ay D =PI e o T S e > [
B S R R < ) A IVF”v BVP pUR ik 7| ’rf'ﬁ'*“f
Bl }“FBH& TRV P R R T (VP)
(BVP) P B 5T 02 0 @
HRim: *ﬁjfﬂfﬂﬁ‘ﬁi@,“
y™ =Gy YLy y ™) (8-0.3)
HEE IR £
Y(Xo) = Yo
Y'(X)=Yo

y(m_l) (%) = YO(mil)

B Yo, Yo, Ve VT EIEUH - TS (80.3) SEH s
AR 1A RO B0, V.00, - () H

Yi=Y
’ : y (8-0.4)
y — y(m—l)
[ (8-0.3) S Blimg
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Yi =Y, =f0 Y Yo 0 Yim)
Yo : Y3 =06 ¥, Yo Vi) (8-0.5)

ym' = f(X, y11y2 [ ym)E fm(x’yl’y2 1"'1ym)
g

Y1(Xo) = Yo

Y2(X0) = Yo

yg(xo):yg

ym(XO) = yO

(m-1)
S HAEZE (8-0.5) B[R B TR BT E]
y¥=1f(xy) yO)=y, (8-0.6)
Eh
y1(X) fi(x,y) Yo
Y(x)= yzz(x) f(x,y)= fZ():(’X) Y, = ¥
Yin(X) fr(X, Y) yo ™

A (B06) i RCAT [ MR - EERGOAND m )
R m - VR BO) R < R R R AL )
THF(80.6) - [HH V(TG BT [W%@W‘f““@%@

y=F(X,y) 7 Xy <X<Xy .C. y(X,) =Y, (8-0.7)

R HE R E T (8-0.6) U AR -

S—8  BCLEA L
i ik (Euler's Method) Lt 5] 7 s et (|1 TR - 7 > 3k ]

My épe’*"‘ﬁf [ AILRL R P i A0 R RURI PR T S ‘“&IFEJFGH@ A
(8-0.7) Frsk s fiu— WHIEATI R > ] (%o X ] 3 I N R STRIER ] Ba ] - )
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Xy =X

N (8-1.1)
X=X, +ih , i=0,1,2,---,N

h 75 £7 5 55 F'EJ“LE (step size) - iﬁ;?y(X) LAY (8-0.7) i o JUIF ™IS BRI

y(X) 5 x; 5] > ]

h

V04,2 = ¥06) + 055 - )y ) + B8 e 612
X <§| _XH-l

FES (807) [ 5 ]
V(%) = Y(%) + hf (%, Y(x,)) +"—2 (&L (&) (8-1.3)

o AR AT R AR e = y00) U = Y(x) 0 FILE
E:C_II‘]J E[TFJJ,E’}'

Up =Yo .
IF=7t o 2 R B LA %
yA
Xi Xi+1 )'(
8.1 ELI#NE
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RS (8-1.3) ' 1) 51 o Rk o e G 1
=h—2y "(&)=0(h?);x <& <X, (8-1.5)
[ 25 S D T IR A (R R T r[ ) o (EEL
h f@gﬁ}“ , E»’Tg%%ggjt] gwﬁ?} o RIIF= %gz}fﬂggg\jﬁ#lhﬁ » T T AR ,Jgr@
EJ%L J[E&rﬁﬂéﬁ fj[%,lﬁljﬁﬁ\
YR RHI Y- Jﬁﬁ oy A

gle =

=y I.C. y(0)=Y, (8-1.6)

H{l2 8- Hre FRIEC R IS (8-16)
u,, =u; + Ahuy;
= (1+ Ah)y;
= (1+ 2h)%u; 4 (8-1.7)

=1+ Ah)™*u,
M7= (8-1.6) u@[ A

Y(%.,1) = Y& = y,et (8-1.8)
PR (8-17) % (8-1.8) » B I JHNERL] L+ 2h) TV ¥ exp(ah) o [IASEE (B
T irpE‘mﬁﬂ P RREREC > N AU R o e S R e
=(Yo —Up) [I'fj= THEFF o A WAHZY (8-1.7) I u™]yo —egFi o

Uiy = (14 20) ™ (Yo — &) (8-1.9)
A (8-1.8) P o I EF ETIVAREE 1Y

|+1 = y(Xi+1)

. . . 8-1.10
:[e(|+l)ﬂh _ (1+ lh)Hl] yo + (1+ /fth)|+leo ( )

F FTFRRGEE RLE R H T o ECRLE S AR BT R ] (L 2h) SV £ exp(2h)
ORGSR H LI R IR & A I o EUHBEEY S YN RS
|1+ Ah|>1 » E[Jeoﬁ’?iﬁ’?}ﬁﬁ?{? n’jl%ﬁ%w - S %Pﬂ o PIF= S RIHI T )
HE AR R SRR LAV I 13
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~1<1+ 2h<1F5 - 2< h<0 (8-1.11)

(E] = ﬁﬁ,l“'ﬁﬁﬁ i R IJ[‘FWBJ ' [[J}—0<1+/1h<1 f Vil e I’?,":_L"_I‘}'F %%’Tﬁ‘ﬁrr
L PSRRI -

Ao ER{LRIE

Cocks and Egger [1] {4 1-fh[ | 38" ' (m-propylidenecyclo-propylamine) &Y
5-"¢4l-1- ffj“ﬁ,'l + (5-ethyl-1-pyroline) fivsi|7) ﬁ'%l M | ER - Y E

_EI Fo T E., ES En’r

ke =3.50x10" exp(- —)

HIR=1.9872ca/gmole’K » T £%~ jifl 4,

=4 L[_H# y{,}r‘g = 19k 'E‘“}EIJ&@ ’_‘Eé‘ H e TR éﬁﬁkiﬁJL1HEAﬁ>—uﬁléﬁ (plug
f|OW) ‘I‘ETLQF}I ﬁLIEi{ ;H, = 1{,1“@ JFU%ERJ@ 3 HJ ]:' u1£ VB E 700°K o E/FEELH
t’*“‘iﬂﬁﬁfgt 200 7} k> 50 7} 7

- R A 0 [2)

—Ta=keCx
R TEIT B [ AR R R R R R S
g A

dn

A =keCh I.C.  C,(v=0)=C,,

[l 5B PRI R SR C, 0 A ORI ] ur B 73
n, =CAU;

iﬂ@@ﬁﬁwﬁ%te\/mTq/t@%%m%%’Z%@%%@W§@’L%E
TR > y=Co/Cpo o x=2Z /L » HIETEIT it [t d b
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d
Fokeoy 5 yO=1

dx
= -3.50x 10" exp(~ %)95/

o dy_[-22365y ; 0=200se.
7 -5591y : 6=50sec.

HIHHAEE (8-1.6) FUh A ASTRIEH —22.365 W -5.501 « FUSTEE AT 0 B
(P AREIRT D - 25 <0 » B T (RBIV IR D -1<hi1<0 -

8L 1 0= 200 sec. 0= 50 sec.
7\ %%’ﬂ h>0.0894 h> 03577

> {EIEE ;3‘- %jﬁ( 0.0447 < h< 0.0894 0.1789<h<0.3577
%5{{ s SR \’%ﬁ 0< h<0.0447 0<h<0.1789

FOFS T | 3 LA g\rl;@ﬂj |[§ﬁ§‘j§fpj~ s R A ”ﬂ%@fpﬁfg—“%ﬁ R
HETEHS > U BERE PRI (% 5h i R D) -

$S_51 BiSEIEA A

(0 1 T 1) R A ey P PO 5 R PO (8-1.4) -

U =4, + hf (Xi ,U-) FH*I#L%‘FU%’L;yi_F;/I_‘{-;TquEEﬁ [‘ %HEI “‘{J_ gl!—ﬁg?ﬂgfﬂ’ﬁ u, ]'@ , ,:J[
gﬁmua—e{} f(x,u)7 = h fifi IFLIET l%&l—w;t LRI 53 e B
BJ\;?%P E’W’ BRI o I A kLS -

o s odk - = L F AR AU UG ET waR - R
FOG ) PO DA 0 DSl IS o W X % o IV ot Ry T BIRT o
PR K, 2o R o) > BIPJREED 2 106, w) g8 i L B 8y

EE#%& (Runge-KuttaMethod) » £ — &7 V' I FAY

j=1

¥ H]a) tﬁf[;,[ﬂ-; ' n I‘“%F’?TEET“VXI X lH[[JE’J‘Qr, K t;,,xl Xiq | ][E[fjj;{_ g’gl—ﬂﬁm
Erf]}!j Kip'll | A R
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K(x,u)=f(x,u) X < X< Xy

j-1
s=1

¢ =0 (8-2.2)
U, =u +Za)’J hK,
-1

Et =Uy Uy

o iR 8L e ?‘[%?ﬂﬁﬁ@l’%ﬁ%ﬁl‘ L R | {PRUE 2 E R = 3 S

C|any ap - &,
Coay axp -+
Cn anl an2 nn
0, O, W,
0 o) w,

Er’,’nzlﬁf cop=10 2K =f(x,u) 0 B (8-21) fIEERT (MY U, =u +
hf (% ,u) » 255 —AgrﬁﬂTﬁum JEE e I TR TP R e
i - ARG AT A

) B
0 0
1

Eﬁ%%ﬁiﬂ”*f%ﬁﬁi
1. f‘?ﬁﬁ ?I%Eﬁ FYHITRIZHAR ST RR U, 0 7Y IFEJF'Q‘: @ﬁ“ﬁ*ﬂ (X » Up) 2]

F[J o
.@”hpﬁﬁi?%ﬁﬁwﬂ%“’Tiﬁﬁﬂxwuﬁm@‘P*@“NX
Y) FrEETE AN & = AT
3. PR AU R - % PSR ¢ [ p BT L B
= Z BT EEE
B RO o A A R0 0 % a Bk FRLI S BRI
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Y (8-2.1) Pt i o Y ,51” 2[5 AR R T A dyfdx=f(x, y) Y
_L#PF#:EF;“FI i‘Eﬁj E‘E\TF& IE s {g H

2

Y(Xi,1) = Y(%) + hf (%, y(%)) +h7 f'(x , y(x)) + O(h®) (8-2.3)

PV B8 %y OB Ty y 8 x OB [N TTELR 60, yO)) S

, _dfi of, 8f dy| !
f'(% 1Y(Xi))— 8X 8y x| =(f,+f,f) (8-2.4)
GRS P T T uﬁrn%rv R f Sy OB -

2 (8-24) U7 HFHF (8-23) 1> WK hPRE - HE]

2

Gy f‘ ﬁiﬂ [I’yl*%rpeqlﬁ 1] u B ARk T [T B
Y J}H X = X,q TR gﬁiﬁ}[g&r@ K 5] x; G F[ [t'é‘EJJ-T&E}ﬁ{{;' HiFs K £

X = ugufﬂglr PRI (5 BB BN ) 2]

K(x,u)=f(x,u) X < X< Xy

— 106U+ (X %) F % L U) (U U) () (8-26)
PR (8-22) K ok A=Y (8-2.6) » fi' J‘J}{ﬁ’ K, FY
Ki=f(x,u) (8-2.7)
K, = f(x +c,h,u; +a,hK,)
= f (X +¢c,h,u; +a,hf) (8-2.8)

=f +h(c, fy +a,f,f)

T (8-28) I Ko HIFTT USRS BT o RLAP IS X G R AR -
}HI} B A k[x[ﬂliﬁﬁ =\ (8-2.1) » mlaﬂ I fgfﬂ

Uiy = U; + (@ + @p)hfy + 0,602 (), +age,h?(f, 1), (8-2.9)
Sy R R (825) L FEL D A

o, +w,=1

(8-2.10)
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e el B B E P R b @, @p, 00 ag » [HPUE = 725
FIENREL Lo P 9RFE )~ RO ey i n=270) 7 Ji bR Rl
L/

G Wy W, Ay,

1 0 1 1

2 2
1 1

1 — — 1
2 2

S Bl T S RS

%=%:m%w%ﬁ$m%@}mnﬁﬁ(MwmnamMamm
h 1
U, =U; + hf (X +§ U +§hfi) (8-2.11)
Uy = Yo

R R

[ Tl )
0 0
1/2 1/2
0 1
y 1 y A
IR =1 (x, +h/2,u(x,+h/2))
u (X) y(xi+l)
i at\\
U(Xi+1)
—h/2 |h/2 =—
X Xis1 X X X X
8.2 {EIEELIENE 83 RIELIEE
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Y ERITBIERR
¢, =1 ; FERHET S5 YA R L) 0% (Improved Euler Method)
h
Uy =ty + 2 CF o+ F04 0, U+ ) (8-2.12)
Uy =Yy

RIS

o AL

0 0
1 1
172 172

PR R R dy k= f(x,y) o NI f AT ERLL T (X, y) R
a3 o A0 (8-2.11) AN, %] F'UFll%ﬂﬁéﬁ*i%f’;?rET’ UL
(8-2.12) FIIRLFIH] % = X 4 ¥ g’!JJr T3] ST S s S EHET -

A (8-2.12) “J?‘iz*r £ BRI (£ T-%  (Predictor-Corrector Method) » ™ ' ']
El’srijj,;;iyl _’\F[JF‘J“R :

T uly = R ()

s " * (8-2.13)
[0t Uy, =, +§[ fi + (X1 U]

Fﬁﬁ*?‘l%?iﬁii TR FEER e T PRV RS ST I Eif‘ﬂrr’?‘l,ﬁ
ENR et LNl ?IT, LA RN R TR T i J/?@IED“ it
@@WWE?%%HQI

1. zﬂggﬁh%ﬁ (3 Order Kutta Method) :

2. MR "ﬁ[fﬂ ¥ (4™ Order Runge-Kutta Method) ;

3. g fi JTB_‘,,H E&* 1% (Runge-Kutta-Gill Method) -

4. i ik Ak (Runge- Kutta- Merson Method) -

,

& SPEEEE (3 Order Kutta Method)

u +%[K1+4K2+K3];i:0,1,2,---,N—1

i+1 :ul

h h (8-2.14)
Ky=f0x,u) Kzzf(xi+§,ui+EKl)

8-12
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Uo = Yo

AT =S SN

= By
0 0
12 12
1 -1 2
1/6 2/3 1/6

S MmPEBrE B L (41 Order Runge-Kutta Method)

Uiq = U, +2[K1+2K2+2K3+K4]; i=0,1,2,---,N-1

h h
Kl_ f(xi 7ui) K2_ 1:(Xi +E’Ui +EK1) (8'215)
K3:f(xi+21ui+2K2) Ky = (%, u +hKy)
Uy = Yo
5 A4
PR i
0 0 |
12 172
12 0 12
1 0 0 1
1/6 13 13 1/6
< Mg FEEEMBE (Runge-Kutta-Gill Method)
SR
8-13
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LIFEK“ ik ’EI ’Fl g@ﬁﬂr
0 0
1/2 1/2
1/2 a
1 0 4 o
1/6 A3 613 1/6

P
U,y =U, +%[K1+2/3K2+26K3+K4]; i=0,1,2,---,N-1
Ky=f(x,u)

h h
=f(x +=,u +=K
(|+2 |+2 1)

= f(x +2,ui +ahK, + fhK,) (8-2.16)
K,=f(x +h,u +hK, + ohK,)
2-1
SER SN

2a,7=—éL:5=1—7

J2

Uy = Yo

S BBt AEEBERE (Runge-Kutta-Merson Method)

P BRE R A

— el A
0 0
13 13
13 16 1/6
12 1/8 0 3/8
1 12 0 -3/2 2
1/6 0 0 2/3 1/6
1/10 0 3/10 4/10 2/10
P
ui+1:ui+%[Kl+4K4+K5]; i:01112!“"N_1 (8'217)
8-14
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Uy =, +%[Kl+3K3 +4K, + K]
Ky =104 ,4)

h h
K, = f (X +§,ui +§K1)

h h
K, =f(X +§,ui +E(K1+K2))

h h
K, = (X +§,ui +§(K1+3K3))
Kg=f(x +h,u, +2(K1—3K3+4K4))

9 1

h *
ET :E(Kl_EKS +4K4 _EKS)EuH—l_uH—l

& ANKEBr & B4 2 E  (Runge-Kutta-Butcher Method)

IR Ry

P

B P

0 0
14 14
14 1/8 1/8
172 0 -1/2 1
3/4 3/16 0 0 9/16
1 -3/7 207 12/7 -12/7 817
7/90 0 32/90 12/90 32/90 7/90

U,y =U, +9—ho[7K1 + 32K, +12K, + 32K + 7K
Ky=f(x,u)
h h

h h
K, =f(X +Z’ui +§(K1+K2))

K, = (X +2,ui +2(—K2 +2K3))

(8-2.18)

8-15
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3
Ke=Tf(x +—
5 (I 4

h
h,u; +E(3Kl +9K,))

Ke=f(x +h,u +$(—3K1 +2K, +12K, —12K,, +8Ky)

S A EZEEHHE (Runge-Kutta-Fehlberg Method)

RKF-1(2)
0 0
12 1/2
1 1/256 255/256
1/256 255/256 0
1/512 255/256 1/512
RKF-2(3)
0 0
14 14
27140 ~189/800  729/800
1 214/891 1/33 650/891
214/891 1/33 650/891
533/2106 0 800/1053
RKF-3(4)
0 0
2/7 27
7/15 77/900 343/900
35/36 805/1444  —77175/54872  97125/54872
1 79/490 0 2175/3626 2166/9065
79/490 0 2175/3626 2166/9065
229/1470 0 1125/1813  13718/81585  1/18
RKF-4(5)
0 0
14 14
3/8 3/32 9/32
12/13 | 1932/2197  -7200/2197  7296/2197
1 439/216 -8 3680/513  -845/4104
12 -8/27 2 ~3544/2565  1859/4104  —11/40
25/216 0 1408/2565  2197/4104  -1/5
16/135 0 6656/12825 28561/56430 -9/50  2/55

8-16
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RKF-4(5) [ I} fg5y

25 1408 2197 1
u.,=u + K, + K, + K,-=K 8-2.19
i+1 i (216 1 2565 3 2104 4 5 5) ( )

Hlr Ky=hf(x ,u)

h 1
=hf(x, +—,u, +=K
(6 + 4ty + K0

3 9
§K1+ Kz)

K, =hf(x +12p y 41982 7200, 7296 ,
13 2197 2197 2197
439 3680 845
K.=hf(x +h,u +—K, —8K, + K. _ K
5 (% AT 2t 23 Ks " 41om )
h 8 3544 1859 1
Kg=hf(x +—=,u ——K,; +2K, - K, + K,-—=K
6 (X% 5 Ty 2" 5565 3 4104 4 40 5)
1 128 2107, 1 >

E; =h K, - - +—K; +—
T7360 ' 4275 % 75240 Y 50 ° 55

K, = hf (x +§h,ui ;

Ke

Fi ¥ (774 £ - RKF45, GERK > i 7] Visual Basic/ RKF 74 A" Excel 75
REMERN! Flr;iﬁﬁﬁl ; Eﬁlﬁfﬁﬁy F R o
- A ﬁJ?‘lT,iiﬂﬁ@%EﬂEajr iR S TR O -
F@E&’F' ' E' 5%‘1{?3‘771 19 (Step Size) fURHZS » IRy G o BT AR
] Jﬁk [ Top-Down %ﬁﬁaﬁm R

(817

VB



%MEWEM&M
AR IR S h D PO B PR s ] H T A - A
ﬁlﬁ Fj\ﬂ@ﬁy)p_[ﬂ Ejj?s}‘ ;g ?i;—; '}yﬁh‘\j‘ﬁlﬁ R

M%se N

TP AT T b R TR IS s
PR TIOGPIR [ 0ISFOR 550+ SRIEIE B U S5 SEA

1

%Wﬁ%gﬁmw’ﬁuﬁJMf
FAA VRT3 TR YRR A DI N TEEE R e e

L JE?«F‘TE%EL@ Eb ’P‘JL'*’ [ORPZEIL T puBiE %'ﬁ “JT[%%;;% A BRI RS
‘ﬁ%fiﬁ?ﬁ R o
FEERL t[Fdﬂ@ T, = 60°F

S AN R h=2Btu/ br ft2 . °F

FEET B p=T01b, [ ft?

Evditiss  k=0.40Btu/ hr-ft-°F

RUNEL Cy=12Buw/lb,,-°F

PR V =0.11ft

AP A=16ft?

EE:
F b IR Biot g;ﬁﬁ; > PR 'F%FEELF'JF%%WE"I’% oo BN
F SRR R 7 13

C, vd—T— hA(T, - T)

LB P I 0= 1 T i A a S
T,-T.
40 MA e 0--0346320 : Ot=0)=1
&t ,CV

[Pﬂﬂgﬂpﬁgwét
0=e 0¥ o<t
FIPP Db g T S ik BRI A IR RS 2 (8-2.04) RS
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zRB= wMoHsRER — HENE

Up =1
At _
ui+1:ui+€[K1+2K2+2K3+K4]; i=0,1,2,---,N—-1

K, =-Au,

K, =-Au +%Kl>

Ky =-A(y, WA K3)

K, =—/1(ui +AtK3)
FH12=0.34632 o F|[H| PR A %%L"F?ETE‘*BJ%‘M
TOP-DOWN %3

=AW BRI TOP-DOWN FHIRTHT - fisfifis o 0 Bl £ R
A

ZIF23 Sub RungeKutta(Ent%, X0, YO, X, D, W, TolErr, IPrt$, H, H1)

(8-19)
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RFERER A
Upper :

Lower :
StepCtrl$ :

TolErr :
E5:

F:

H:
HO:
NP :
PT$ :
QL:
S:
T:
TO:

@
MY B

%ﬁﬁ} P
P
ﬁnr@p%ﬂﬂﬁ

StepCtrI$ "Y” “‘Eﬂfﬂj StepCtrI$="N""7 ["EF'E?JE’E#_ﬁﬁj[J °
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Z: 5 [ RFA 55 AN
E 5D

T kkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk

"RUNGE-KUTTA METHOD

I kkkkkkkkkkkkkkkkrkkkkrkkkhrrhkkirr

Private Sub RungeKuttaMethod(Xpos, Ypos)

‘ USER'S SPACE for Data Entry

Cls

Print "+ Runge-Kutta Method ke
Print

Print ">ENTER LIMITS OF INTERGRATION"

Print "Lower Limit of X =",

Lower = Val(InputBox(" Lower Limit, Lower =", "Low Limit of X", Lower, Xpos, Ypos))
Print Lower

Print "Upper Limit of X = ";
Upper = Val(InputBox("  Upper Limit, Upper =", "Upper Limit XS", Upper, Xpos, Ypos))
Print Upper

Print "> Initial Step Size ="

HO = Val(InputBox("> Initial Step Size =", "Step Size", (Upper - Lower) / 100, Xpos, Ypos))
Hsav = HO

Print HO

Print "> Error Tolerance on Y = ";

TolErr = Val(InputBox("> ERROR TOLERANCE ON Y =", "Error Tolerance", HO * 0.00001, Xpos,
Ypos))

Print TolErr

Print "> Need Step Size Control <Y/N> ="
StepCtrl$ = InputBox(">STEPSIZE CONTRAL ? (Y/N) ", "STEP CONTROL", , Xpos, Ypos)
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Print StepCtrl$

Print "> Need Detail Printout <Y/N> =",
PNT$ = UCase(InputBox(">Need Detail Printout ? (Y/N) ", "PRINT CONTROL", "N", Xpos, Ypos))
Print PNT$

Print

NP = Val(InputBox("> NUMBER OF PRINTING INTERVALS = (<50) ", "NP", NP, Xpos, Ypos))
XPT = (Upper - Lower) / NP

Print

"--INITIAL CONDITIONS

Print "> Enter Initial Conditions:"

Print" YO="

YO0 = Val(InputBox(" Initial Condition =", "DATA ENTRY", , Xpos, Ypos))

Print YO

MsgBox ("Ready to Start")

Call RungeKuttaCaller(X0, YO, TolErr, PNT$, HO, Lower, Upper, NP, StepCtrl$)

End Sub

Private Sub DeriveFunction(F, X, Y)

"USER DEFINED FUNCTIONS

F=-0.34632*Y

End Sub

Public Sub RungeKuttaCaller(X0, YO, TolErr, PNT$, HO, Lower, Upper, NP, StepCtrl$)

" Runge-Kutta Integration Caller

' This subroutine controls the RK-4 Algorithm.

' X0 = Independent Variable for Initial Condition
Y0 = Initial Condition at X0

"TolErr =Local Error Tolerance.

"PNTS = Print Control, Y for detail printing

"HO =Initial Step Size.

" Lower =Lower Bound

"Upper =Upper Bound

'NP = Total Number of Printing Intervals
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" StepCtrl$ =Auto. Step Size Control ID.

'F =Function
Cls
" Print Report Tittle

PrtEnt% =1
Call ReportRK4(PrtEnt%, X0, Y0)

GoBackPrt = 1

PT$ = PNT$

XPT = (Upper - Lower) / NP
X0 = Lower

H=H0

XF = X0 + XPT

" Print Initial Condition

PrtEnt% = 2
Call ReportRK4(PrtEnt%, X0, Y0)

Do
If PT$ = "Y" And GoBackPrt = 1 Then
PrtEnt% = 2
Call ReportRK4(PrtEnt%, X0, YO0)
PT$ = PNT$
End If

If X0 >= Upper Then Exit Do
Call RungeKutta(X0, YO, TolErr, PT$, H, H1, StepCtrl$)

'==CHECK FOR END INTERVAL==

If X0 = XF Then
XF = X0 + XPT
PT$ ="Y"

End If

If X0 + H> XF Then
H=XF-X0
End If

If (XO - Hl) <= XF And PT$ - nYu Then

8-23

“OUAL B



B {ERnIEER

GoBackPrt =1
Else

GoBackPrt=0
End If

Loop While X0 <= Upper

Print "=== END EXECUTION ==="

End Sub

Public Sub ReportRK4(PrtEnt%, X0, Y0)
' Report Generator

Select Case PrtEnt%

Case 1

Print
Print "SOLUTION"

P rl nt Whkkkkkkkkkkkkkkdhhkkkhhkkkrhkhkdohkddhhkkhkrkhdrrrkx"

Print X "
Print Y "
Print " Temperature (F) "

Case 2
T0O =60
Tinfinite = 350

Temperature = YO * (TO - Tinfinite) + Tinfinite
Print Format(X0, " 0.000000E+00");
Print Format(Y0, " 0.000000E+00");
Print Format(Temperature, " 0.0000E+00")

End Select
End Sub

Public Sub RungeKutta(X0, YO, TolErr, IPrt$, H, H1, StepCtrl$)

" Runge-Kutta Controller
" Internal Subroutine Called by RungeKuttaCaller

T2=H

T=T2

E5 =TolErr /100
Ent% =0
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Call RungeKuttaModual(Ent%, S, X0, YO, T, X, D, W)
QL=Ww

Do
T=T2/2
Ent% =0
Call RungeKuttaModual(Ent%, S, X0, YO, T, X, D, W)

Z=W

S=Z

X=X0+T

Call RungeKuttaModual(Ent%, S, X0, YO, T, X, D, W)

18=10
Q3=(W-Q1)/15
DetErr = Abs(Q3) / T2

If DetErr >= TolErr Then
' ==CONVERGENCE NOT ATTAINED==
ConvergentFlag = 0

If StepCtrl$ = "N" Then
Print
Print" **ERROR**"
Print " CONVERGENCE NOT ATTAINED "
Print " WITHIN REQUIRED TOLERANCE "
Print " FOR GIVEN STEP-SIZE"
Print " H="H;" AT X="; X0

Else
T2=T2/2
Ql=2

End If

Else

‘ ==CONVERGENCE ATTAINED==

ConvergentFlag = 1
YO=W+Q3
H=T2
X0=X0+H

H1=H

'==CHECK FOR STEP-SIZE CONTROL==
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If StepCtrl$ = "N" Then Exit Sub

If DetErr >= E5 Then
8=1
Exit Sub
Else
H=2*H
Exit Sub
End If

End If
Loop While ConvergentFlag = 0
End Sub

Public Sub RungeKuttaModual(Ent%, S, X0, YO, T, X, D, W)
"RUNGE-KUTTA MODUAL
"==INITIALIZE VARIABLES ==

If Ent% = 0 Then
X=X0
S=Y0
Ent% =1

End If

'==LOOP ENTRY

Y=S
W=S
'==COMPUTE W VALUE==

"--1st PASS

Call DeriveFunction(F, X, Y)
D=T*F

W=W+D/6
Y=S+D/2

X=X+T/2

'--2nd PASS

Call DeriveFunction(F, X, Y)
D=T*F
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W=W+D/3
Y=S+D/2

"--3rd PASS
Call DeriveFunction(F, X, Y)
D=T*F
Y=S+D
W=W+D/3
X=X+T/2
"--4th PASS
Call DeriveFunction(F, X, Y)
D=T*F
W=W+D/6
Program Developed by Dr. Ron Hsin Chang

End Sub

BRRXERARZE

1. ZIFE3L DeriveFunction(F, X, Y)
SR IED) AR T RS H T R()=dY (i)/dx
SUB DeriveFunction(F, X, Y)
F=-0.34632* Y
End Sub

2. FI#23 RungeKuttaCaller (X0,YO, TolErr, PNT$, HO, Upper, Lower, NP, StepCtrl$)
?.T'LFRﬁJ ?‘I%ﬁ E{fJPEpLH%t’quE'J*E?“ ’ fﬁlE'J?{E\l%lﬁEﬁ‘" X0, YO, TolErr, PNT$, HO,
Upper, Lower, NP, StepCtrl$ - $Rix 3~ RungeKuttaCaller ﬁ‘ﬁﬁ?“ » EER T (AR
S PI hgR -

3. &£ RungeKutta(X0, YO, TolErr, H, H1, StepCtrl$)
%Bﬁﬁ ?flfﬁﬁ O TR IRTAES > RIS RE IR BRIk -

4. 23X RungeKuttaModual(Neqn%, S, X0, YO, T, X, Y, D, W)

Rl P (A TR PIRF T K K, Ky K
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HEZ ] E\ﬂj 20 57 (t=3.333hr) & » F EEENRN D
T-T,

=0.31525 ; T =258.6"F(125.9°C)

0 0

B=H Mo HhiEN ‘

(BT 853 7 PR 5 St 0 7 PR R B TR AR - S T RS R
LR A o GRS A (800) B BLR RV Y =x®+y? 1C
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2
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= B e 5 B R S

A (82.14) [OTIBSTRE S - S [ RIS (B08) [0 i
73 HRF S FITHEE]
Uy = U+ S OK 2K+ 2K g K, ) (83.1)
i oy =(u® ,u? 0™ i=0,1,2,,N-1
K. =( KD ,K.(Z) e K-(m)]T
KJFJ):fj(XI ’gi); j=1!21"'1m
i h h
Kéj):fj(xi +Ev!i+§ﬁ1)
i h h
K(J) =f, (%1, U+ hK3)
go:ZO
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Private Sub RungeKuttaMethod(Xpos, Ypos)

USER'S SPACE
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Dim Y0(50) As Double
Cls

Print "Runge-Kutta Method "
Print "for a System of First Order Egns"
Print

Print "Number of Equations N =";
Negn% = Val(InputBox(" Number of Equations =", "NO. EQN", Negn%, Xpos, Ypos))
Print Neqn%

Print ">ENTER LIMITS OF INTERGRATION"

Print "Lower Limit of X =";

Lower = Val(InputBox(" Lower Limit, Lower =", "Low Limit of X", Lower, Xpos, Ypos))
Print Lower

Print "Upper Limitof X =",
Upper = Val(InputBox("  Upper Limit, Upper =", "Upper Limit XS", Upper, Xpos, Ypos))
Print Upper

Print "> Initial Step Size = ";

HO = Val(InputBox("> Initial Step Size =", "Step Size", (Upper - Lower) / 1000, Xpos, Ypos))
Hsav = HO

Print HO

Print "> Error Tolerance on Y =",
TolErr = Val(InputBox("> ERROR TOLERANCE ON Y =", "Error Tolerance", HO * 0.01, Xpos, Ypos))
Print TolErr

Print "> Need Step Size Control <Y/N> ="
StepCtrl$ = InputBox(">STEPSIZE CONTRAL ? (Y/N) ", "STEP CONTROL", , Xpos, Ypos)
Print StepCtrl$

Print "> Need Detail Printout <Y/N> ="
PNT$ = UCase(InputBox(">Need Detail Printout ? (Y/N) ", "PRINT CONTROL", "N", Xpos, Ypos))
Print PNT$

Print
NP = Val(InputBox("> NUMBER OF PRINTING INTERVALS = (<50) ", "NP", NP, Xpos, Ypos))

"--INITIAL CONDITIONS

Print "> Enter Initial Conditions:"

For K =1 To Negn%
Print"  YO(";K;") ="
YO(K) = Val(InputBox(" Initial Condition =", "DATA ENTRY", , Xpos, Ypos))
Print YO(K)

Next K
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MsgBox ("Ready to Start")

Call RungeKuttaCaller(Negn%, YO0, TolErr, PNT$, HO, Upper, Lower, NP, StepCtrl$)
End Sub

Private Sub DeriveFunction(F, X, Y)

" USER DEFINED FUNCTIONS

F(1) =-0.4 * Y(1) * Y(4)
F(2)=-F(1)-0.2*Y(2) * Y(4)
F(3)=0.2*Y(2)*Y(4)
F(4)=F(1)- F(3)-0.05*Y(4) "2
End Sub

Public Sub RungeKuttaCaller(Negqn%, YO, TolErr, PNT$, HO, Upper, Lower, NP, StepCtrl$)

" Runge-Kutta Caller
" for System of ODE

"Neqn% =No. of Egns.

Y0 =Initial Condition

" TolErr =Local Error Tolerance.

'PNT$ = Detail Printing Control, Y for detailed print
"HO =Initial Step Size.

"Upper =Upper Bound

" Lower =Lower Bound

"NP = Total Number of Printing Intervals

' StepCtrl$ =Auto. Step Size Control ID.

" F=Function; Yi = F(1)

Cls

PriEnt% =1

Call ReportRK4(PrtEnt%, Neqn%, X0, YO, TolErr)

GoBackPrt% = 1

PT$ = PNT$

XPT = (Upper - Lower) / NP
X0 = Lower

H=HO0

XF = X0 + XPT

Do
If PT$ ="Y" Or GoBackPrt% = 1 Then
PrtEnt% = 2
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Call ReportRK4(PrtEnt%, Negn%, X0, YO, TolErr)
PT$ = PNT$
End If

If X0 >= Upper Then Exit Do
Call RungeKutta(Neqn%, X0, YO, TolErr, H, H1, StepCtrl$)

' ==CHECK FOR END INTERVAL==

If X0 = XF Then
XF = X0 + XPT
PT$="Y"

End If

If X0 + H > XF Then
H=XF-X0

End If

If (X0 - H1) <= XF And PT$ ="Y" Then
GoBackPrt% = 1

Else
GoBackPrt% =0

End If

Loop While X0 <= Upper
End Sub

Public Sub ReportRK4(PrtEnt%, Neqn%, X0, YO, TolErr)
Select Case PrtEnt%
Case 1
Print
Print "SOLUTION with Error Tolerance =";
Print Format(TolErr, " 0.00E+00")

P ” nt Whkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkrhkdx!

Print " X "
Print " Y "
Case 2

Print Format(X0, " 0.000000E+00");
For IK=1To Negqn%
Print Format(YO(IK),"  0.000000E+00");
Next IK
Print
End Select
End Sub

Public Sub RungeKutta(Negn%, X0, YO, TolErr, H, H1, StepCtrl$)
Dim Y(50), W(50), Z(50), S(50), Q1(50), Q3(50) As Double

" Runge-Kutta Controller
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T2=H
T=T2
E5 = TolErr / 100

Ent% =0
Call RungeKuttaModual(Ent%, Neqn%, S, X0, YO, T, X, Y, D, W)

For K=1To Negn%
Q1(K) = W(K)
Next K

Do
T=T2/2
Ent% =0
Call RungeKuttaModual(Ent%, Neqn%, S, X0, YO, T, X, Y, D, W)

For K =1 To Neqn%
Z(K) = W(K)
S(K) = Z(K)
Next K

X=X0+T

Ent% =1

Call RungeKuttaModual(Ent%, Neqn%, S, X0, YO, T, X, Y, D, W)
18=0

For K =1 To Negn%
Q3(K) = (W(K) - Q1(K)) / 15
DetErr = Abs(Q3(K)) / T2
If DetErr >= TolErr Then
ConvergentFlag% = 0: ' Not Converged
Else
If DetErr >= E5 Then 18 = 1
ConvergentFlag% = 1
End If
Next K

' ==CONVERGENCE ATTAINED==

If ConvergentFlag% = 1 Then
For K =1 To Neqn%
YO(K) = W(K) + Q3(K)
Next K
H=T2
X0=X0+H
H1=H

' ==CHECK FOR STEP-SIZE CONTROL==

If StepCtrl$ = "N" Then Exit Sub
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If I8 =1 Then Exit Sub
H=2*H
Exit Sub

End If

'==CONVERGENCE NOT ATTAINED==

If StepCtrl$ = "N" Then
Print
Print" **ERROR**"
Print " CONVERGENCE NOT ATTAINED"
Print " WITHIN REQUIRED TOLERANCE "
Print " FOR GIVEN STEP-SIZE"
Print " H="; H;" AT X="; X0
Else
T2=T2/2
For K =1 To Negqn%
QL(K) = Z(K)
Next K
End If
Loop While ConvergentFlag% =0
End Sub

Public Sub RungeKuttaModual(Ent%, Neqn%, S, X0, YO, T, X, Y, D, W)
"RUNGE-KUTTA MODUAL

' ==INITIALIZE VARIABLES ==
Dim F(50) As Double
If Ent% = 0 Then
X=X0
For K=1To Negn%
S(K) = YO(K)
Next K
End If

For K=1 To Neqn%
Y(K) = S(K)
W(K) = S(K)

Next K

'==COMPUTE W VALUE==
'--1st PASS
For K=1To Negn%

Call DeriveFunction(F, X, Y)
D=T*F(K)
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W(K)=W([K)+D/6
Y(K)=S(K)+D/2
Next K
X=X+T/2

'--2nd PASS

For K=1To Negn%
Call DeriveFunction(F, X, Y)
D =T*F(K)
W(K)=W([K)+D/3
Y(K)=S(K)+D/2

Next K

'--3rd PASS

For K =1 To Negn%
Call DeriveFunction(F, X, Y)
D=T*F(K)
Y(K)=S(K)+D
W(K)=W(K)+D/3

Next K

X=X+T/2

' --4th PASS

For K =1 To Negn%
Call DeriveFunction(F, X, Y)
D=T*F(K)
W(K)=W(K)+D/6

Next K

End Sub

BEXERGE

1. FI#23 Private Sub DeriveFunction(F, X, Y)
}-{éj’ff—'!(”‘w RV B S B R =dY (i)/dx
SUB DeriveFunction(F, X, Y)

F(1) =-0.4* Y(1) * Y(4)
F(2)=-F(1)-0.2* Y(2) * Y(4)
F(3)=0.2*Y(2) * Y(4)
F(4)=FQ)-F3)-0.05*Y(4)"2
End Sub
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2. BIF¥2= Public Sub RungeKuttaCaller(Negn%, YO, TolErr, PNT$, HO, Upper,
Lower, NP, StepCtrl$)

Bﬁm ?f"fl - fps PL[jfZLﬁtU PR fH ?ﬁ%lﬁ}?" Negn%, YO, TolErr, PNT$, HO,
Upper Lower, NP, StepCtrl$ > J}i:#h= RungeKuttaCaller ’ﬁﬁﬁ*‘ » ELgRT (e
FA R o 1] AR R ng ARSI o

3. HIF2=z Public Sub RungeKutta(Neqn%, X0, YO, TolErr, H, H1, StepCtrl$)

Eble ?fl PRPZ R IRTEZE o IR AR W g -

4. g2 Public Sub RungeKuttaM odual (Ent%, Neqn%, S, X0, YO, T, X, Y, D, W)

O YT RIS IREE TR, K, Ky K,

BRAATHR
R =

Runge Kuna Method
for a Systemn of First Crder Eqns

MNumber of Equations N = 4
=ENTER LIMITS OF INTERGRATICN
Lawer Limitof X = 0

Upper Limit of X = 200

> |nitial Step Size = 0.0001

> Error Tolerance on Y = 0.000001
> Meed Step Size Control <YM> =Y
> Need Detail Printout <Y/N> = N

> Enter Intial Conditions:

:;8%;; : 82 Runge Kutts Method fo farr il
YO[3 ] = Ready to Start
Y0[4)=04 T
| CHEER  Copyright RESI 2001 BA 4 AT |
S O B
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SOLUTION  with Error Talerance = 1.00E-05

X
0.000000E-00
1.000000E-+01
2.000000E+01
3000000E+01
4.000000E+01
5 000000E+01
6.000000E+01
7.000000E+01
8.000000E+01
9.000000E+01
1.000000E-+02
1.100000E-+02
1.200000E-+02
1.300000E-+02
1.400000E-+02
1.500000E-+02
1 600000E-+02
1.700000E-+02
1.800000E-+02
1.900000E-+02
2.000000E+02

¥
2000000E-01
669234402
3652100802
2 44482502
1.829766E-02
1.468279E-02
1.236242E-02
1.075033E-02
9.595875E-03
8.733781E03
8.071740E03
755197603
7138616803
6.799827E-03
6523438803
6.294320E03
6.102769E-03
5941470803
5804810803
5688415803
5588533603

=== END EXECUTION ===

=Bz sMoHRN — WEmNE

0000000E-+00 0.000000E+00 400000001

Q752152602 3554118602
Q78587402 6.558691E-02
9091787E02 B457991E02
843483702 97268039602
7896422602 1.062601E-01
T 464780E02 1128884E01
TA7962E02 1.172461E01
G.B3BEE4EC2 1 219026E-01
6505560502 1.250596E-01
6414958602 1.276168E-01
6265699802 1297189801
612191202 1.314649E-01
G.00BB00EC2 1.329278E-01
5912636802 1.341621E-01
583048702 1.352101E01
5760022602 1361043601
5693364602 1.388707E01
5646867EC2 1.375301E01
5601638E-02 1.380991E-01
5562284602 1.389916E-01

1.922490E-01
1.201445E-01
8400753E-02
6252583602
4.842008E-02
3B853350E02
312745102
2576446E02
214723402
1.806455E-02
1.530794E-02
1.304905E-02
1117817E-02
9614842E03
8.298731E03
7183742E03
6.234064E-03
5421475603
4.723447E03
4121795603

CHEER

Copyright RESI 2001

AT

SOLUTION  with Error Tolerance = 1 00E-06

X
0.000000E-+00
1.000000E-+01
2 000000E+01
3.000000E+01
4. 000000E+01
5.000000E+01
6.000000E+01
7 000000E+01
8.000000E+01
9 000000E+01
1.000000E-+02
1.100000E-+02
1. 200000E-+02
1.300000E-+02
1.400000E-+02
1.500000E-+02
1.600000E-+02
1.700000E-+02
1.800000E-+02
1.900000E-+02
2 000000E-+02

¥
2.000000&-01
6.692495E-02
3652469E-02
244540402
1.830534E-02
1.469222E-02
1.236354E-02
1.076300E-02
2.609554E-03
8.743131E-03
8.088387E-03
7.5635903E-03
7.155718E-03
6.819986E-03
6.544545E-03
6.316262E-03
6.125434E-03
5.964793E-03
5828716803
5.712840E-03
5613722803

=== END EXECUTION ===

0.000000E+00 0.000000E+00 4.000000E-01

9.753556E-02 3553813602
9788565602 6558635E-02
2.095681E02 8458382602
8439841E02 9728891E-02
7902535602 1.062731E01
7471992602 1.122051E01
7126004602 1.179636E-01
684543702 1212203601
65615643602 1.280773E-01
5425630E-02 1.276363E-01
B.267190E02 1297374E01
5.134090E-02 1.314807E-01
6.021574E02 1.322400E-01
5925942602 1.341706E-01
5844221E02 1352141E-M
577417402 13651046E-01
57138688602 1.368674E-01
5661828602 1375230601
5616769502 1.380836E-01
5577679802 1.385780E-01

1.922368E-01
1.201176E-01
8396733602
6247479802
483595702
3846525602
3120442802
256930602
2139992802
1.798762E-02
1.523150E-02
1.297656E-02
1.110878E-02
9543925603
8239466E-03
712893603
6.183680E-03
537569503
468180303
4 083883E-03
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dy
d_tl =-04y,y,
dy, dy,
—==—-—=-0.2
ot ™ "2
dy
d_'[3 =0.2y,y,
% = % - % —-0.05y?
d¢ dt dt ¢
I.C. y,(0)=0.2 y,(0) =0.0 y,(0)=0.0 y,(0)=0.4

Jia s SE ONE ESIETY L TR & W i X e R e
SIS - EA 53 RS 1A e ANLE “liﬁﬁﬁl T

5]

T kkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkxx

" RUNGE-KUTTA MERSON METHOD
FOR SYSTEM OF ODES

T kkkkkkkkkkkkkkkkkkkkdhkkddhhkkkkhkkddrrkkrrhkdix

Private Sub RungeKuttaMersonMethod(Xpos, Ypos)
USER'S SPACE

Dim Y0(51) As Double
Cls

Print "Runge-Kutta Merson Method "
Print " for a System of First Order Eqns"
Print

Print "Number of Equations N = ";
Neqn% = Val(InputBox(* Number of Equations =", "NO. EQN", Neqn%, Xpos, Ypos))
Print Negn%
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Print ">ENTER LIMITS OF INTERGRATION"

Print "Lower Limit of X =";

Lower = Val(InputBox("  Lower Limit, Lower =", "Low Limit of X", Lower, Xpos, Ypos))
Print Lower

YO(1) = Lower

Print "Upper Limit of X = ";
Upper = Val(InputBox("  Upper Limit, Upper =", "Upper Limit XS", Upper, Xpos, Ypos))
Print Upper

Print "> Initial Step Size ="

HO = Val(InputBox("> Initial Step Size =", "Step Size", (Upper - Lower) / 1000, Xpos, Ypos))
Hsav = HO

Print HO

Print "> Error Tolerance on Y ="
TolErr = Val(InputBox("> ERROR TOLERANCE ON Y =", "Error Tolerance", HO * 0.01, Xpos, Ypos))
Print TolErr

Print "> Need Detail Printout <Y/N>=";
PNT$ = UCase(InputBox(">Need Detail Printout ? (A/Y/N) ", "PRINT CONTROL", "N", Xpos, Ypos))
Print PNT$

Print
NP = Val(InputBox("> NUMBER OF PRINTING INTERVALS = (<50) ", "NP", NP, Xpos, Ypos))

"--INITIAL CONDITIONS

Print "> Enter Initial Conditions:"

For K =1 To Negn%
Print"  YO(";K;") ="
YO(K + 1) = Val(InputBox(" Initial Condition =", "DATA ENTRY", , Xpos, Ypos))
Print YO(K + 1)

Next K

MsgBox ("Ready to Start")

Call RungeKuttaMersonCaller(Neqn%, YO, TolErr, PNT$, HO, Upper, Lower, NP)
Print "=== END EXECUTION ==="

End Sub

Private Sub DeriveFunction(DY, X, Y)

' ========== DEFINE FUNCTIONS

DY(1) =-0.4 * Y(1) * Y(4)

DY(2) = -DY(1) - 0.2 * Y(2) * Y(4)
DY(3) = 0.2* Y(2) * Y(4)

8-41

“OUAL B



B fE BRI RER

DY(4) = DY(1) - DY(3) - 0.05 * Y(4) " 2
End Sub

Public Sub RungeKuttaMersonCaller(Neqn%, YO0, TolErr, PNT$, HO, Upper, Lower, NP)

"RUNGE KUTTA CALLER

"Negn% = No. of Egns.

"YO = Initial Condition

"TolErr = Local Error Tolerance.

"PNT$ = Detail Print Control, Y for Print Everything
"HO = Initial Step Size.

"Upper = Upper Bound

" Lower = Lower Bound

"NP = Total Number of Printing Intervals

"F=Function; Yi = F(I)

Cls
PrtEnt% =1
Call ReportRK4(PrtEnt%, Neqn%, Y0, TolErr)
XPT = (Upper - Lower) / NP
X0 = Lower
XF = X0 + XPT
PrtEnt% = 2
Call ReportRK4(PrtEnt%, Neqn%, YO, TolErr)
Do
StepSize = HO
Call RungeKuttaMerson(Neqn%, XF, YO, TolErr, StepSize, PNT$)
X0=Y0(1)
XF =X0+ XPT
If PNT$ <>"Y" Or PNT$ <> "A" Then
PrtEnt% = 2
Call ReportRK4(PrtEnt%, Neqn%, Y0, TolErr)
End If
If XF > Upper Then Exit Do
Loop While X0 <= Upper
End Sub

Public Sub ReportRK4(PrtEnt%, Neqn%, YO, TolErr)
Select Case PrtEnt%
Case 1
Print
Print "SOLUTION with Error Tolerance =";
Print Format(TolErr, " 0.00E+00")

Pl'lnt Wkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkxn
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Print " X "
Print " Y "
Case 2

ForIK=1To Neqn% + 1
Print Format(YO(IK), " 0.000000E+00");
Next IK
Print
End Select
End Sub

Public Sub RungeKuttaMerson(Neqn%, XS, YO0, TolErr, StepSize, IP$)

Dim Work(204) As Double
Hsave = StepSize
NN = Neqn% + 1
ND =NN*2
NX=NN *3
NY = NN * 4
Do
NewStepSize = StepSize
LpFinal$ = "N"
Call RungeKuttaMersonModule(Negn%, YO, Work, StepSize)

‘ TEST ERROR ON EACH Y

ForJ=1To Negn%
ErrValue = (Abs(Work(NX + J + 1) - Work(J + 1))) / 5!
If ErrValue > TolErr Then

ERROR TOO LARGE, REDUCE StepSize

StepSize = StepSize * (TolErr / ErrValue) * 2
If IP$ = "A" Then
Print "Step size reduced to ",
Print Format(StepSize, " 0.00E+00")
End If
ChangeStep$ = "R"
Exit For
Elself ErrValue < 0.95 * TolErr Then

ERROR TOO SMALL, INCREASE StepSize
If (ErrValue - 100000000000#) <= 0 Then

NewStepSize = 5! * StepSize
Else
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NewStepSize = StepSize * NewStepSize * 2
If (NewStepSize - 5 * StepSize) > 0 Then
NewStepSize = 5! * StepSize
End If
End If
If IP$ = "A" Then
Print "Step size provisional increase to ";
Print Format(NewStepSize, " 0.00E+00")
End If
ChangeStep$ = "I"
Else
ChangeStep$ = "OK"
End If
Next J

If ChangeStep$ <> "R" Then
StepSize = NewStepSize

ERROR ON THAT INTERVAL WAS NICELY WITHIN BOUNDS,
‘ TEST WHETHER UPPER BOUND WITHIN NEXT INTERVAL OR NOT

If (Work(1) + StepSize - XS) > 0 Then
StepSize = XS - Work(1)
If StepSize <= 0 Then LpFinal$ = "Y"
End If

‘ PRINT VARIABLES CALCULATED

If LoopFinal$ <> "Y" Then
Forl=1To NN
YO(l) = Work(1)
Next |
If IP$ ="Y" Or IP$ = "Y" Then
PrtEnt% = 2
Call ReportRK4(PrtEnt%, Neqn%, Y0, TolErr)
End If
If IP$ = "A" Then
Print
Print "Step size = ";
Print Format(StepSize, " 0.00E+00")
Print
End If
End If
End If

If StepSize <=0 Then LpFinal$ = "Y"
Loop While LpFinal$ <> "Y"
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Forl=1To NN
YO(I) = Work(1)
Next |

End Sub

Public Sub RungeKuttaMersonModule(Neqn%, YO0, Work, StepSize)
" RUNGE-KUTTA MODUAL
Dim Y(51), YS(51), DY(50) As Double

T kkkkkkkkkkkkk GET START
NN = Negn% + 1

ND = NN *2

NX=NN*3

NY = NN * 4

'--STORE YO, CREATE Y1, DY1

For1=1To NN
YS(1) = YO(I)
Next |
For=1To Negn%
Y(I) =YS(I +1)
Next |
Call DeriveFunction(DY, Y0(1), Y)

'--CREATE Y2, DY2
For=1To Negn%
Work(NN + 1) = DY(I)
Work(l + 1) = YS(I + 1) + StepSize * DY(l) / 3!
Next |
Work(1) = YS(1) + StepSize / 3
For=1To Negn%
Y(I) = Work(l + 1)
Next |
Call DeriveFunction(DY, Y0(1), Y):

'-- STORE DY2, CREATE Y3, DY3

For=1To Negn%

Work(l + 1) = YS(I + 1) + StepSize * Work(NN + 1) / 6! + StepSize * DY(l) / 6!

Next |
Forl=1ToNeqn%
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Y(I) = Work(l + 1)
Next |
Call DeriveFunction(DY, YO(1), Y): '

'--CREATE Y4, STORE Y4, DY3

For =1 To Negqn%
Work(ND + 1) = DY(I)
Work(l + 1) = YS(I + 1) + StepSize * Work(NN + 1) / 8! + StepSize * DY(I) * 3!/ 8!
Next |
Work(1) = YS(1) + StepSize * 0.5
Forl=1To Negn%
Y(1) = Work(l + 1)
Next |
Call DeriveFunction(DY, YO(1), Y): '

'--CREATE Y5

For1=1To Negn%
Work(l + 1) = YS(I + 1) + StepSize * Work(NN + 1) * 0.5 - Work(ND + I) * StepSize * 1.5
Work(l + 1) = Work(l + 1) + StepSize * DY(I) * 2!
Work(NX + | + 1) Work(l + 1)
Work(ND + 1) = DY(l)

Next |

Work(1) = YS(1) + StepSize

Forl=1To Negn%
Y(I) = Work(l + 1)

Next |

Call DeriveFunction(DY, Y0(1), Y):

'-- Generate U(I+1)

For=1To Negn%
Work(l + 1) = YS(I + 1) + StepSize * Work(NN + 1) / 6! + StepSize * Work(ND + 1) *2/3
Work(l + 1) = Work(l + 1) + StepSize * DY(I) / 6

Next |

' CopyRight Dr. Ron Hsin Chang

End Sub
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BIEXNERTE

1. gEI#¥23{ Private Sub DeriveFunction(DY, X, Y)
SRR A T B 5 E DY (1)=dY (1)/dx
SUB DeriveFunction(F, X, Y)

DY (1) =-0.4* Y(1) * Y(4)
DY(2)=-DY(1)-0.2* Y(2) * Y(4)
DY(3)=0.2* Y(2) * Y(4)

DY (4) =DY(1) - DY(3) - 0.05* Y (4) A
End Sub

2. ElfE3{ Public Sub RungeKuttaMersonCaller(Negn%, YO, TolErr, PNT$, HO,
Upper, Lower, NP)

ERbe b 5 Rk O LA JIRTR S > R BRI © Nean%, YO, TolEr,
PNT$, HO, Upper, Lower, NP » R #5 RungeKuttaMersonCaller FH*E?\‘ » HggpT
(e A 1 R

3. EIFE3 Public Sub RungeKuttaMerson(Negn%, XS, YO, TolErr, StepSize, | P$)
Eblbi ?fl“i@%di L i1l S A 23 1 R A g i 6 L

4. F|F£3 Public Sub RungeKuttaMersonModuIe(Neqn% Y0, Work, StepSize)
Rl A 0 (SRR PR TR, K, K KK

BERA#THER
ﬁ'iﬁ“ PR il (7] 8-3 » F I EAGRIgh [Ei] 74 53 Fi fH i A 1™
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SOLUTION  with Errar Tolerance = 1.00E-04

X ki

0.000000E+00 2000000E-01 0.000000E+00 0.000000E+00 4 .000000E-01
1000000E-03 1.3899680E-01 318945805 127977003 3.999600E-01
B000000E-03 1998081E-01 1918043E-04 4603027E-08 3 997601E-01
3A00000E-02 1990120E-01 9367O36E-04 1223245E-08 3987635E-01
1560000E-01 135107401 4862300E-03 3029352E-05 3938433E-01
F810000E-01 1773305E-01 2198790E-02 6816015E-04 37F08552E-01
3O06000E-00 1.182031E-01 7102177E02 1.070S1TEO2 2851485E-01
4536750E-00 1101818E-01 ¥ B51758E02 1.330057E-02 2720849E-01
TBI0E03E-00 2094054E-02 9267123602 2648823602 2201936E-01
9A44E683E-00 TAGDI0E-02 9612009E02 3227831E02 2018312E-01
1841564E-01 440023502 9958600E-02 EE4H076E-02 1.397830E-01
2483914E+01 2956484E-02 9463091E02 7530424E-02 1.000275E-01
45309774E+01 1B18287E-02 8.135224E02 1.024643E-01 £.426374E-02
TEOST3OE+01 1.016385E-02 BATE613E02 1.200500E-01 2828201E-02
9902311E-01 8.168008E-03 6.444109E02 1.2730209E-01 1.831685E-02
1327143E+02 BTE54E1E-03 S09557T4E02 1.332838E-01 1.0B6833E-02
2000000E+02 5627658E-03 5.580047E02 1.385719E-01 4.030010E-03
=== EMND EXECUTION ===

| CHEER  Copyright RESI 2001 M4 3T |

53 #7520 W A N g

SOLUTION  with Error Tolerance = 1.00E-05

X i

0.000000E+00 2.000000E-01 0.000000E+00 0.000000E+00 4.000000E-01
1.000000E+01 £B892646E-02 97E3E20E-02 3553825E-02 1 .922365E-01
2000000E+01 3B52718E-02 9.788643E-02 6558633602 1201171E-01
3000000E+01 2.445621E-02 9.095969E-02 2.458410E-02 2396435E-02
4000000E+01 1.830728E-02 8.440296E-02 3728976E-02 6247050E-02
SO00000E+01 1.483403E-02 7903137E-02 1.062745E-01 4835377E-02
B.O00000E+01 1.236544E-02 74727 ME-02 1129072E-01 3846812E-02
TO00000E+01 1.0VE493E-02 T.126895E-02 1.1T79661E-01 311981902
2000000E+01 9812058E-03 6.348474E-02 1.219232E-01 2.568334E02
000000E-01 8751382E-03 6616815E-02 1.250805E-01 2.139014E-02
1.000000E+02 8.090800E-03 642634902 127B397E-01 1.797734E-02
1.100000E+02 7 .572486E-03 6268853602 1297H0E-01 1.522046E-02
1.200000E+02 7.158487E-03 B.135705E-02 1314845E-01 1 296393E-02
1.300000E+02 £.822047E-03 B023331E-02 1.320437E-01 1.109700E-02
1 400000E+02 8.547631E-03 5927324E-02 1.34174HE-01 9538325603
1.500000E+02 B.319597E-03 5346265602 1.352177E-01 8227197E-03
1600000E+02 ©.128972E-03 5776333602 1.361077E-01 7A17258E-03
1.FO0000E+02 5963511E-03 571615TE02 1368699E-01 BA72540E-03
1.800000E+02 £832610E-03 5BB4216E-02 1375252E-01 £ .364726E-03
1.900000E+02 5716904E-03 5619265602 1.380904E-01 4671236E-03
2000000E+02 5817943E-03 5580273602 1385793601 4.073858E-03
=== EMD EXECUTION ===

| CHEER  Copyright RESI 2001
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53 E R R R T R A Jﬂé}‘ﬁlj?l i

?‘Hﬂ@ﬁ P R ?H%ii PR it i%‘“ﬂ?lﬁl“ﬁﬂiﬁ 19t > B
ﬂ“f} HERE T [E%ﬁ‘ o [Pe g AR TR LT 25 (PIRAA 53 [ SHE PPECRL (=0 i
f T

W AR R

S RIS,

lw—?;} e

R ﬁﬁﬁnm

B o [RIT EE Hﬂn* ?il“i@ﬁ R AR 'ﬂ“%,%’rﬁ*m PRLRLER B AR RGE 3 F

eI IS Eﬁffr{ﬁ?@wwﬁ PSR s - R F o Rl SR e

[ﬁ 0
4% TolErr Y1 Y2 Y3 Y4
RK4 1x10™ 5.4657 x107° 5.4894x 1072 1.3873x107" 4.2692x107°
RK4 1x107° 5.5886x10° 5.5622x 1072 1.3859x10°* 4.1200x10°°
RKM 1x10™* 5.6277x1073 5.5800x 1072 1.3857x107t 4.0900x 1073
RKM 1x10°° 5.6179x107° 5.5803x1072 1.3858x107* 4.0739x10°3
RKM 1x107° 5.6177x107° 5.5803x 1072 1.3858x107! 4.0738x10°°

L =] B

512 8.5 R RGN RVl

%%[JE'WRFV ?‘I,r,ﬂ'd'ﬂiﬂff‘ YRR B RHTRY Excel RN 1) R PUREET
A WIQF%%L Visual Basic A4 » IEﬂ%ﬁ‘f% RE D-VIII » >Z2 1] 8-4 5 B (e =4ik

—_E x

% = _O-4Y1y4

dy, _ A

a ot Y2Ya

d

S-02yy,

%: %_%_0_05),2

dt dt  dt

I.C. vy,(00=0.2 y,(0) =0.0 y,(0)=0.0 y,(0)=0.4

FIIE | Excel 454 A 70 S RKF A 28581 2R
1 pri=ALI14 ﬁ\ﬁ‘wﬁé AR RS (Step Size » ﬁw[‘ LE-2) -

2. F%%ﬁl%?_l?' (RelErr) WiagSGE (AbsErr) Rk ]
3. B3I T X U@ 0 hiki C3.G3 [ i XE‘J?ﬁ?“"fﬂf/DC%E‘
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=B1+12/4-
B5.B81E * Y E[U{é_l;[ﬁ]’r;il':p o

5. B11.B144f * K1=f(X1yl) 9% =% » Flf[l > B114f * = - 0.4*B5*B8 » B12 4
=-B11-0.2* B6* B8 » 7 =
6. C5A[I%E u+Ky/4 iy i C5=B5+B11/4 » = HilfJ%|| C6..C8 -
7. [’ > D5=B5+B11*3/32+C11*9/32 » " Hi%|%]| D6..D8 -
8. E5=B5+1932*B11/2197-7200* C11/2197+7296* D11/2197 - ¥ #|%| E6..E8 -
9. F5=B5+439/216* B11-8* C11+3680/513* D11-845* E11/4104 » ™ #|%[| F6..F8 -
10. G5=B5-8/27*B11+2* C11-3544/2565* D11+1859/4104* E11-11/40*F11 » = # & %|
G6..G8 -
11. RKF 33 fivsd = 235 % H5=B11/360-C11* 128/4275-E11* 2197/75240+F11/50+2/
55*G11 » - HI %] H6..H8 -
12, &= FE NSRS EES U PREE TR 15=H5%1$2/(1$10/2* (B5+B19)+1$11) »
FHHIZ] 16,18 -
13, EFFC G R ARG - BRI I (M R RN
H#| Excel [ & Er Max RV < Al 112=Max(15..18) -
14. HfE™ - ﬁﬁ*ﬁﬁﬁlzﬂdfﬁ HIBIET 1.4 5] > 555557 15..28 5] -
15. BRI (Step Size) #J" |5 EE ff T 116=0.9/112/0.2%12 -
16. Friv X fifi % B17=B3+116 -
17. $ef9 Y (fith B19=B5+$2* (25/216* B11+1408/2565* D11+2197/4104* E11-F11/5) -
PRI E] B20..B22 o A A 5T A awf?
18. HIGISY 15.28 5| » ALY 20.42 G o PFH 2 TRHESTIR - ghrge >
- H- W(:HJ%EUJ °
Al B | ¢ | b | E F G H |
1 Runge Kutta Fehlberg Method for IVP-ODE
2 X0 X0+h/4 X0+3h/8 | X0+12h/13 X0+h X0+h/2 | Step Size = | 1.0000E-02
3| X |0.0000E+00| 2.5000E-03 | 3.7500E-03 | 9.2308E-03 | 1.0000E-02 | 5.0000E-03
4 1 2 3 4 5 6 Et EeOet
5( Y1 |2.0000E-01 | 1.9200E-01 | 1.8896E-01 | 1.7466E-01 | 1.7183E-01 | 1.8595E-01 | 3.7538E-05 | 3.1285E-02
6| Y2 |0.0000E+00| 8.0000E-03 | 1.0868E-02 | 2.4677E-02 | 2.7609E-02 | 1.3710E-02 |-4.3112E-05|-4.3107E-02
7 | Y3 |0.0000E+00(0.0000E+00| 1.6740E-04 | 6.6121E-04 | 5.6210E-04 | 3.4385E-04 | 5.5745E-06 | 5.5744E-03
8| Y4 |4.0000E-01 |3.7200E-01 | 3.6184E-01 | 3.1301E-01 | 3.0270E-01 | 3.5178E-01 | 1.4565E-04 | 1.0407E-01
9
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10 K1 K2 K3 K4 K5 K6 RelErr= | 1.0000E-05
11| YP1 (-3.2000E-02|-2.8570E-02(-2.7350E-02|-2.1868E-02(-2.0805E-02|-2.6165E-02| AbsErr = | 1.0000E-05
12| YP2 | 3.2000E-02 | 2.7974E-02 | 2.6563E-02 | 2.0324E-02 | 1.9133E-02 | 2.5200E-02 | EeOet= |1.0407E-01
13| YP3 |0.0000E+00]| 5.9520E-04 | 7.8647E-04 | 1.5448E-03 | 1.6714E-03 | 9.6456E-04
14| YP4 |-1.1200E-01|-9.8357E-02|-9.3599E-02(-7.2401E-02|-6.8289E-02|-8.9004E-02
15
16 X0 X0+h/4 X0+3h/8 [ X0+12h/13 X0+h X0+h/2 | Step Size = | 1.4151E-02
17] X |1.4151E-02|1.7688E-02 | 1.9457E-02 | 2.7213E-02 | 2.8301E-02 | 2.1226E-02
18 Et EeOet
19| Y1 [1.9974E-01|1.9177E-01 | 1.8874E-01 | 1.7448E-01 | 1.7166E-01 | 1.8573E-01 | 3.7356E-05 | 4.8060E-02
20| Y2 |[2.5338E-04 |8.2200E-03 | 1.1078E-02 | 2.4832E-02 | 2.7748E-02 | 1.3910E-02 |-4.2885E-05(-5.0603E-02
21| Y3 [9.2441E-06 | 1.4300E-05 | 1.8278E-04 | 6.8377E-04 | 5.8748E-04 | 3.6016E-04 | 5.5295E-06 | 7.8246E-03
22| Y4 [3.9911E-01 | 3.7122E-01 | 3.6109E-01 | 3.1245E-01 | 3.0219E-01 | 3.5106E-01 | 1.4489E-04 | 1.5780E-01
23
24 K1 K2 K3 K4 K5 K6 RelErr= | 1.0000E-05
25| YP1 |-3.1887E-02|-2.8475E-02|-2.7261E-02|-2.1807E-02(-2.0750E-02|-2.6081E-02| AbsErr = | 1.0000E-05
26| YP2 | 3.1866E-02 | 2.7864E-02 | 2.6461E-02 | 2.0255E-02 | 1.9073E-02 | 2.5104E-02| EeOet= [1.5780E-01
27| YP3 [ 2.0225E-05 | 6.1028E-04 | 8.0001E-04 | 1.5517E-03 | 1.6770E-03 | 9.7668E-04
28| YPA4 [-1.1155E-01(-9.7987E-02|-9.3253E-02|-7.2170E-02(-6.8087E-02|-8.8680E-02
29
30 X0 X0+h/4 X0+3h/8 | X0+12h/13 X0+h X0+h/2 | Step Size = | 1.8424E-02
31| X |[3.2575E-02 | 3.7181E-02 | 3.9484E-02 | 4.9582E-02 | 5.1000E-02 | 4.1787E-02
32 Et EeOet
33| Y1 [1.9948E-01|1.9153E-01|1.8851E-01 | 1.7431E-01 | 1.7150E-01 | 1.8551E-01 | 3.7175E-05 | 6.2280E-02
34| Y2 [5.0580E-04 | 8.4391E-03 | 1.1287E-02 | 2.4986E-02 | 2.7886E-02 | 1.4110E-02 |-4.2660E-05(-6.5558E-02
35 Y3 [1.8612E-05 | 2.8683E-05 | 1.9824E-04 | 7.0634E-04 | 6.1285E-04 | 3.7653E-04 | 5.4849E-06 | 1.0105E-02
36| Y4 [3.9821E-01 |3.7044E-01 | 3.6034E-01 | 3.1189E-01 | 3.0169E-01 | 3.5035E-01 | 1.4414E-04 | 2.0448E-01
37
38 K1 K2 K3 K4 K5 K6 RelErr= | 1.0000E-05
39| YP1 |-3.1774E-02|-2.8380E-02|-2.7172E-02|-2.1746E-02(-2.0696E-02|-2.5998E-02| AbsErr = | 1.0000E-05
40| YP2 | 3.1733E-02 | 2.7755E-02 | 2.6359E-02 | 2.0187E-02 | 1.9013E-02 | 2.5009E-02| EeOet= |2.0448E-01
41| YP3 | 4.0283E-05 | 6.2524E-04 | 8.1344E-04 | 1.5586E-03 | 1.6826E-03 | 9.8869E-04
42| YP4 |-1.1110E-01(-9.7618E-02(-9.2909E-02|-7.1941E-02|-6.7886E-02(-8.8359E-02
43
44 X0 X0+h/4 X0+3h/8 [ X0+12h/13 X0+h X0+h/2 | Step Size = | 2.2777E-02
45| X |5.5353E-02 [ 6.1047E-02 | 6.3894E-02 | 7.6378E-02 | 7.8130E-02 | 6.6741E-02
46 Et EeOet
47| Y1 |1.9921E-01 | 1.9130E-01 | 1.8829E-01 | 1.7413E-01 | 1.7134E-01 | 1.8530E-01 | 3.6995E-05 | 7.6631E-02
48| Y2 |7.5726E-04 | 8.6575E-03 | 1.1495E-02 | 2.5141E-02 | 2.8024E-02 | 1.4309E-02 |-4.2436E-05|-8.0642E-02
49| Y3 |2.8102E-05 | 4.3146E-05 | 2.1376E-04 | 7.2892E-04 | 6.3820E-04 | 3.9297E-04 | 5.4406E-06 | 1.2392E-02
50( Y4 [3.9733E-01 | 3.6966E-01 | 3.5960E-01 | 3.1133E-01 | 3.0118E-01 | 3.4964E-01 | 1.4339E-04 | 2.5159E-01
51
52 K1 K2 K3 K4 K5 K6 RelErr= | 1.0000E-05
53| YP1 |-3.1661E-02|-2.8286E-02(-2.7084E-02|-2.1685E-02(-2.0641E-02|-2.5915E-02| AbsErr = | 1.0000E-05
54| YP2 | 3.1601E-02 | 2.7646E-02 | 2.6257E-02 | 2.0119E-02 | 1.8953E-02 | 2.4914E-02| EeOet= [2.5159E-01
55| YP3 [ 6.0176E-05 | 6.4007E-04 | 8.2675E-04 | 1.5654E-03 | 1.6881E-03 | 1.0006E-03
56| YP4 [-1.1066E-01-9.7252E-02|-9.2567E-02|-7.1712E-02(-6.7685E-02|-8.8038E-02
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T kkkkkkkkkkkkkkkkkkkkdhkkhdhhkkkrhkkkdrkkdix

"RUNGE-KUTTA-FEHLBERG METHOD

U kkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk

Private Sub RungeKuttaFehlbergMethod(Xpos, Ypos)

"Reserve Space for Initial Conditions
Dim Y0(10) As Double

================== JSER'S SPACE

Negn% = 4. ' Number of eqgns.
Cls

Print "Number of Equations N =
Neqn% = Val(InputBox(" Number of Equations =", ", Neqn%, Xpos, Ypos))
Print Negn%

Print "> Enter Limits of Integration:"

Print "Lower Limit of X =";

Lower = Val(InputBox(" Lower Limit X0 =", "Low Limit of X", Lower, Xpos, Ypos))
Print Lower

Print "Upper Limit of X =";
Upper = Val(InputBox("  Upper Limit XS =", "Upper Limit XS", Upper, Xpos, Ypos))
Print Upper

Print "> Initial Step Size = ";

HO = Val(InputBox("> Initial Step Size =", ", (Upper - Lower) / 1000, Xpos, Ypos))
Hsav = HO

Print HO

'--ERROR TOLLERANCE

Print "> Error Tolerance on Y = ";

AbsErr = Val(InputBox("> ABSOLUTE ERROR TOLERANCE ON Y =", "Error Tolerance", HO * 0.001,
Xpos, Ypos))

Print AbsErr
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Print "> Error Toleranceon 'Y ="

RelErr = Val(InputBox("> RELATIVE ERROR TOLERANCE ON Y =", "Error Tolerance", 0.0001,
Xpos, Ypos))

Print RelErr

"--PRINTING CONTROL

Print
NP = Val(InputBox("> NUMBER OF PRINTING INTERVALS = (<50) ", "NP", 20, Xpos, Ypos))
Print

" -- Print Details

Print

PrtAll$ = InputBox("> Print Detail Information <Y/N> ", "Print All ?", "N", Xpos, Ypos)
Print

"--INITIAL CONDITIONS
Print "> Enter Initial Conditions:"
For=1To Negn%

Print

Print" YO("; I;") ="

YO(I) = Val(InputBox(" Initial Condition =", "DATA ENTRY", , Xpos, Ypos))
Print YO(I)

Next |
Call Runge Kutta Fehlberg Subroutine RKF2000
Call RKF2000(Neqn%, Lower, Upper, HO, YO, AbsErr, RelErr, NP, PrtAll$)

End Sub

Private Sub DeriveFunction(T, Y, YP)
========== DEFINE FUNCTIONS

*Y(1) * Y(4)

1)-0.2*Y(2) * Y(4)
(2)*Y(4)

(1) - YP(3) - 0.05 * Y(4) * Y(4)

<5
U ~
¥
=

=<

<o
O ro

Public Sub RKF2000(Negn%, Lower, Upper, HO, YO, AbsErr, RelErr, NP, PrtAll$)

! kkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk
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Runge-Kutta-Fehlberg Method for Solving IVP-ODE

*kkkkkkkkkkkkkkkkkkkkkkkkkkkkkdkhkkkkhkkkkhkkkdrkkkdrhkkdirr

" Negn% = Number of Equations

" Lower = Lower Bound of Independent Variable
Upper = Upper Bound of Independent Variable
HO = Initial Step Size
YO(l) = Initial Conditions

" AbsErr = Absolute Error Tolerance

" RelErr = Relative Error Tolerance

" NP = Number of Printing Intervals

PrtAll$ =Y for Print Everything

Program Developed by Dr. Ron Hsin Chang @ Year 2000

Dim Y(10), YP(10), F1(10), F2(10), F3(10), F4(10), F5(10), SM(10) As Double
Define Print Control Interval

Iflag¥% = 1
XPT = (Upper - Lower) / NP
X = Lower

Put YO to Y for Initiation
Forl=1To Negn%
Y(I) = YO(I)
Next |

Print Report Tittle
Cls
PrtEnt% =1
Call ReportRK4(PrtEnt%, Neqn%, X, Y, RelErr, AbsErr)
PrtEnt% = 2
Call ReportRK4(PrtEnt%, Neqn%, X, Y, RelErr, AbsErr)

"--CALL KUTTA-FEHLBERG
Do
XF =X+ XPT
Do
Call RKF(Neqn%, X, XF, Y, RelErr, AbsErr, YP, HO, F1, F2, F3, F4, F5, SM, SavRE,
SavAE, NoFunEst, Init, Iflag%, JFalg%, Kflag%, PrtAll$)
Chk% =0

Error Message Controls
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Select Case Iflag%

Case 1
Print "Improper Call"

Case 2
Exit Do

Case 3
Print "Tolerance Reset"
Print Format(RelErr, "RelErr = 0.000000E+00")
Print Format(AbsErr, "AbsErr = 0.000000E+00")

Case 4
Print "Many Steps"
Case 5
AbsErr = AbsErr / 10
Case 6
RelErr = RelErr / 10
Iflag% = 2
Case 7
Print "Much Output"
Iflag% = 2
Case 8
Print "Improper Call"
Exit Sub
End Select

Loop

Print Results

If PrtAll$ <> "Y" Then
PrtEnt% = 2
Call ReportRK4(PrtEnt%, Neqn%, X, Y, RelErr, AbsErr)
End If
Loop While X < Upper

End Sub

Sub ReportRK4(PrtEnt%, Negn%, X, Y, RelErr, AbsErr)
Select Case PrtEnt%
Casel

Print "SOLUTION with Abs Error =";

Print Format(AbsErr, " 0.00E+00");

Print" RelErr=";

Print Format(RelErr, " 0.00E+00")

Print kkkkkkkkrkkkkkkkkkkrkk kkkkkkkkkkkkkkkkkkk

Print " X "

Print " Y(i) "
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Case 2
Print Format(X, "  0.000000E+00");
For IK=1To Negn%
Print Format(Y(IK),"  0.000000E+00");
Next IK
Print
End Select
End Sub

Public Sub RKF(Negn%, T, Tout, Y, RelErr, AbsErr, YP, H, F1, F2, F3, F4, F5, SM, SavRE,
SavAE, NoFunEst, Init, Iflag%, JFalg%, Kflag%, PrtAll$)

' Runge-Kutta-Fehlberg Method for Solving IVP-ODE
ReMin = Minimum Relative Error Tolerance
MaxFunEst = Maximun Number of Function Estimation

ReMin = 0.000000000001
MaxFunEst = 3000

' Check System Parameters

Call ParameterCheck(ErrFlag%, Neqn%, RelErr, AbsErr, Iflag%, Jflag%, Kflag%, Mflag%, T, Tout,
SavRE, SavAE, NoFunEst)
If ErrFlag% = 1 Then Exit Sub

"Reset Flags

Jflag% = Iflag%
Kflag% = 0

SavRE = RelErr
SavAE = AbsErr

' Evaluate Machine Error
Call MachineErrorCheck(Eps, U20, ReMin, RelErr, Iflag%, Kflag%, ErrFlag%)
If ErrFlag% = 1 Then Exit Sub

" End Point Check

DT=Tout-T
Chk% =0

If Mflag% = 1 Then
nit=0
CountOperation = 0
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XA=T
Call DeriveFunction(XA, Y, YP)
NoFunEst =1

If T=Tout Then
Iflag% = 2
Exit Sub
End If
Elself Init <> 0 Then
Chk% =1
End If

If Chk% =0 Then
Init=1
H = Abs(DT)
TolNew =10

For K = 1 To Neqn%

Tol = RelErr * Abs(Y(K)) + AbsErr

If Tol >0 Then
TolNew = Tol
YPK = Abs(YP(K))

If (YPK*H "5 > Tol) Then H = (Tol / YPK) * 0.2
If ToINew <=0 ThenH =0
H = AMax(H, U20 * AMax(Abs(T), Abs(DT)))

End If
Next K

Jflag% = Sign(2, Iflag%)
End If

H = Sign(H, DT)

If Abs(H) >= 2 * Abs(DT) Then CountOperation = CountOperation + 1

If CountOperation = 100 Then
CountOperation = 0
Iflag% =7
Exit Sub

End If

If Abs(DT) <= U20 * Abs(T) Then
For K=1To Negn%
Y(K) = Y(K) + DT * YP(K)
Next K

XA = Tout
Call DeriveFunction(XA, Y, YP)
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NoFunEst = NoFunEst + 1
T=Tout
Iflag% = 2
Exit Sub
End If

Out$ = "FALSE"
RelScale = 2 / RelErr
AE = RelScale * AbsErr

" Perform Integration

Do
Call Integration(Negn%, Y, T, Tout, U20, H, YP, F1, F2, F3, F4, F5, SM, AE, RelErr, AbsErr,
NoFunEst, MaxFunEst, RelScale, Out$, OutSub%, Iflag%, Jflag%, Kflag%, Mflag%)
If PrtAll$ = "Y" Then
PrtEnt% = 2
Call ReportRK4(PrtEnt%, Neqn%, T, Y, RelErr, AbsErr)
End If
If OutSub% = 1 Then Exit Sub
Loop While Iflag% > 0

Iflag% = -2

End Sub

Public Sub Integration(Neqn%, Y, T, Tout, U20, H, YP, F1, F2, F3, F4, F5, SM, AE, RelErr,
AbsErr, NoFunEst, MaxFunEst, RelScale, Out$, OutSub%, Iflag%, Jflag%, Kflag%, Mflag%)

" Subroutine for Determing Proper Step Size
" and Perform RKF Integration

Dim ErrTrun(10) As Double

OutSub% =0
Hfaild$ = "FALSE"

Hmin = U20 * Abs(T)
DT =Tout-T

" Final Step Control
If Abs(DT) <=2 * Abs(H) Then
If Abs(DT) > Abs(H) Then
H=05*DT
Else
H=DT
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Out$ = "TRUE"
End If
End If

Do
If NoFunEst > MaxFunEst Then
Too Many Steps
Iflag% = 4
Kflag% = 4
OutSub% =1
Exit Sub
Else

Call RKF Module

Call FEHL(Negn%, Y, T, H, YP, F1, F2, F3, F4, F5, SM, ErrTrun)
EeOet=0

Estimate Maximun Truncation Error

For K=1To Negn%
F1(K) = SM(K)
ET = Abs(Y(K)) + Abs(F1(K)) + AE

If ET <=0 Then
Iflag% = 5
OutSub% =1
Exit Sub

Else
EE = EnrTrun(K) / ET * Abs(H) * RelScale
EeOet = AMax(EeOet, EE)

End If

Next K

End If

If T >= Tout Then Out$ = "TRUE"
Chk% =0

If (EeOet <= 1) Then
Error Within Bound

Chk% =1
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T=T+H

For K=1 To Neqn%
Y(K) = F1(K)

Next K

XA=T

Call DeriveFunction(XA, Y, YP)
NoFunEst = NoFunEst + 1

Optimize Step Size

S=5

If (EeOet > 0.0001889568) Then S = 0.9/ EeOet 1 0.2
If Hfaild$ = "TRUE" Then S = AMin(S, 1#)

H = Sign(AMax(S * Abs(H), Hmin), H)

Check for Integration Completion for this Call

If Out$ = "TRUE" Then
T=Tout
Iflag% = 2
OutSub% =1
Exit Sub

End If

Exit Do

Else

Error Out of Bound
Reducing Step Size

Hfaild$ = "TRUE"
Out$ = "FALSE"
S=01
If (EeOet < 59049) Then S = 0.9/ EeOet * 0.2
H=H*S
End If

Loop While Abs(H) > Hmin

If Chk% =0 Then
Iflag% = 6
Kflag% = 6
OutSub% =1

End If

End Sub
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Public Sub FEHL(Neqgn%, Y, T, StepH, YP, F1, F2, F3, F4, F5, SM, ErrTrun)

" Pass#0
' Kl=YP

Call DeriveFunction(T, Y, YP)

" Pass #1
" K2=F1
CurrentH = StepH / 4
For K =1 To Negn%
F5(K) = Y(K) + CurrentH * YP(K)
Next K
Call DeriveFunction(T + CurrentH, F5, F1)

Pass #2
K3 =F2
CurrentH = 3 * StepH / 32
For K =1To Negn%
F5(K) = Y(K) + CurrentH * (YP(K) + 3 * F1(K))
Next K
Call DeriveFunction(T + 3 * StepH / 8, F5, F2)

' Pass #3
' K4=F3

CurrentH = StepH / 2197
For K =1 To Negn%
F5(K) = Y(K) + CurrentH * (1932 * YP(K) - 7200 * F1(K) + 7296 * F2(K))
Next K
Call DeriveFunction(T + 12 * StepH / 13, F5, F3)

Pass #4
" K5=F4
CurrentH = StepH / 4104
For K =1 To Negn%
F5(K) = Y(K) + CurrentH * (8341 * YP(K) - 32832 * F1(K) + 29440 * F2(K) - 845 * F3(K))
Next K
Call DeriveFunction(T + StepH, F5, F4)

Pass #5
K6 = F5

CurrentH = StepH / 20520
For K=1To Negn%
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SM(K) = Y(K) + CurrentH * (-6080 * YP(K) + 41040 * F1(K) - 28352 * F2(K) + 9295 * F3(K) -
5643 * F4(K))
Next K
Call DeriveFunction(T + StepH / 2, SM, F5)

Pass #6
Ui+l = SM

CurrentH = StepH / 7618050
For K =1To Negn%
SM(K) = Y(K) + CurrentH * ((902880 * YP(K) - 1371249 * F4(K) + 3855735 * F3(K) + 3953664 *
F2(K) + 277020 * F5(K)))
Next K

Estimate Truncation Error ErrTrun

For K =1To Negn%

ErrTrun(K) = Abs(YP(K) / 360 - 128 * F2(K) / 4275 - 2197 * F3(K) / 75240 + F4(K) / 50 + 2 * F5(K) /
55)

Next K

End Sub

Public Sub ParameterCheck(ErrFlag%, Neqn%, RelErr, AbsErr, Iflag%, Jflag%, Kflag%, Mflag%,
T, Tout, SavRE, SavAE, NoFunEst)

' Check Basic Parameters & Data

If Neqn% <=0 Or RelErr < 0 Or AbsErr < 0 Then
Iflag% = 8
Exit Sub

Else
Mflag% = Abs(Iflag%)

End If

' Check for Error Flag Out of Bounds

If Mflag% <= 0 Or Mflag% > 8 Then
Iflag% = 8
Exit Sub

Elself Mflag% <> 1 Then

If T = Tout And Kflag% <> 3 Then
Iflag% = 8
Exit Sub

End If

If (Kflag% =5 And AbsErr = 0) Or (Kflag% = 6 And RelErr <= SavRE And AbsErr <= SavAE)
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Then
ErrFlag% = 1
Exit Sub
End If

If (Mflag% <> 2 And Ifalg% = 4) Or Kflag% = 4 Then
NoFunEst =0
End If

If (Kflag% = 3 Or Init = 0) Or (Mflag% <> 2 And (Iflag% = 3 Or Iflag% = 5 And AbsErr > 0 Or
NoFunEst = 0)) Then
Iflag% = Jflag%
If (Kflag% = 3) Then Mflag% = Abs(Ifalg%)
End If

End If

End Sub

Public Sub MachineErrorCheck(Eps, U20, ReMin, RelErr, Iflag%, Kflag%, ErrFlag%)
Calculate Machine Round Off Error

Eps = 1#
Do
Eps=Eps/2
EpsP1=Eps+1
Loop While EpsP1 > 1
U20 =20 * Eps

Rer =2 * Eps + ReMin
Check for proper error tolerance

If RelErr < Rer Then
RelErr = Rer
Iflag% = 3
Kflag% = 3
ErrFlag% = 1

End If

End Sub

Public Function Min(A, B)
If A> B Then
Min=B

Else
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Min = A
End If
End Function

Public Function Max(A, B)
If A>B Then
Max = A
Else
Max = B
End If
End Function

Public Function AMax(A, B)
If Abs(A) > Abs(B) Then
AMax = (A)
Else
AMax = (B)
End If
End Function

Public Function AMin(A, B)
If Abs(A) > Abs(B) Then
AMin = (B)
Else
AMin = (A)
End If
End Function

Public Function Sign(A, B)
If B> 0 Then
Sign=A
Elself B =0 Then
Sign=0
Else
Sign=-A
End If
End Function
* Program Developed by Ron Hsin Chang, Ph. D.
‘Copyright Reserved, 2001
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a2 AR

1. F|FE:L Private Sub DeriveFunction(T, Y, YP) AFERBEEZHYARERX ' H
BAREAUNT :
Sub DeriveFunction(T, Y, YP)
YP(1) =-04*Y(1)* Y(4)
YP(2) =-YP(1)-0.2* Y(2) * Y(4)
YP(3)=0.2*Y(2) * Y(4)
YP(4) =YP(1) - YP(3) - 0.05* Y(4) * Y(4)
End Sub

N

. Bl#23§ Public Sub RKF2000(Neqn%, Lower, Upper, HO, YO, AbsErr, RelErr, NP)
RORTH 2 RIPE UL RKE IR - {7 H LR AR A A
Negn% » Afi 55 [ Lower » #fi 55 _H[SL Upper » & ¥4 55 [H]¥E (Step Size)HO » @Z{F‘,
ME1F YO(I) » AéisF% AbsErr > #I5fE RelErr > WY [H] B [E 5 NP> R
B+ P RKF2000 ST «

3. ElFE3 Public Sub ReportRK4(PrtEnt%, Neqn%, X, Y, RelErr, AbsErr)
Ebife SIRIFESS » (1 RKF2000 ERE -

4. F|¥E= Public Sub RKF(Negn%, T, Tout, Y, RelErr, AbsErr, YP, H, F1, F2, F3,
F4, F5, SM, SavRE, SavAE, NoFunEst, Init, Iflag%, JFalg%, Kflag%)
£ RKF i 1 IR (T RKF2000 B «

5. &lF£3( Public Sub Integration(Negn%, Y, T, Tout, U20, H, YP, F1, F2, F3, F4,
F5, SM, AE, RelErr, AbsErr, NoFunEst, MaxFunEst, RelScale, Out$, OutSub%,

Iflag%, Jflag%, Kflag%, Mflag%)
Bl RKF a4 5 (R - 11 RKF2000 BREED -

(o))

. BIF23X Public Sub FEHL (Negn%, Y, T, StepH, YP, F1, F2, F3, F4, F5, SM, ErrTrun)
£ RKF 35 FTRIAE=S - 1 RKF2000 BB »
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7. B2 Public Sub Parameter Check (ErrFlag%, Neqn%, RelErr, AbsErr, Iflag%,

Jflag%, Kflag%, Mflag%, T, Tout, SavRE, SavAE, NoFunEst)
£ RKF £ “xglmﬁﬁﬁ} PR (11 RKF2000 BRED -

8. HIfE 3 Public Sub MachineErrorCheck(Eps, U20, ReMin, RelErr, Iflag%,
Kflag%, ErrFlag%)
£, RKF et 2 TS s ;ﬁﬁﬁ‘b}?{.ﬁfu A (I RKF2000 R -
BRYITER
ARV ER N L"‘I‘? AR ﬁ%ﬂ‘ ° Elﬁ%ﬂ IR 33— [ﬁ' By %UE‘/ 20 B [H JﬁE?J‘HEEU
a\ﬁ# 1 Q%#”E FVEARGR G IR 55 Al 2[R o o AR RETAR ) P EPVAE R 0 L
T1Z] RKF A=A 5 Eﬁ o R T REIRRED ] e ‘H{i@?ﬁiﬁﬁm‘l‘?‘]iﬂ  fpLE }"”ﬂﬁﬁ'}#'}’ﬁiﬁl °

SOLUTION with Abs Error— 100E-05 RelErr= 1.00E-05

X (i)

0.000000E-00 2000000E-01 0.000000E-00 0.000000E-00 4.000000E-01
1.000000E-01 6.692804E-00 9T53219E02 3553977E-02 1.922367E-01
2000000E-01 2652855602 9.788308E-02 6.558839E-02 1201165601
ZO00000E-01 2445692602 S.095734E-02 8 456574E-02 3396408E-02
A000000E-01 1 830857E02 2440005E-02 9.720117E-00 B247073E-02
5000000E-01 1 469522E-02 7 902904E-02 1 062F57E-01 4 835406E-02
| BOO0000E-01 1236639E02 7472530E-02 1.120082E-01 3845836E-02
TOO0000E-01 1.076581E-02 7.126715E-02 1.1796T0E-01 3.119639E-02
SO00000E-01 9612784E03 B846310E-02 1219241E-01 2568401E-02
9000000E-01 8752038E03 GE16663E-02 1250813601 2139029E-02
1 000000E-02 8.091402E-03 6.426808E02 1 276405E-01 1 7I7TF4TE02
1.100000E-02 7 573046E-03 6268518602 1207418E-01 1522058E-02
1 200000E-02 7.159013E-03 6135575602 1314852601 1296409E-02
1300000E-02 6823446E-02 B.0D3206E02 1320445E-01 1.109709E-02
1 400000E-02 6548167E-03 590770002 1341748E-01 9.538408E-03
1 500000E-02 6.320055E-02 5.846147E-02 1352185E-01 8207273E-03
1 BO0000E-02 6.120414E-03 5776217E02 1361084E-01 7.117327E-03
1 700000E-02 5968940E-03 5716043602 1368706E-01 6.172603E-03
1 800000E-02 5:833027E-03 5664104E-02 1375259E-01 5364784E-03
1 900000E-02 5717312E-03 5619154602 1380911E-01 4671289E-03
2000000E-02 5618349E03 5580163E-02 1.385800E-01 4073905603
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F-h.ug_r:‘- I-iu.tta. Fr:-.hln:-.g_ Iu. E
SOLUTION  with Abs Error= 1.00E-05 RelErr= 1.00E-05

¥ (i)
0.000000E+00 2000000E-01 0.000000E-00 0.000000E-00 4.000000E-01
1 990536E-01 1937913601 B.159724E-03 4894724E.05 3921811E-01
11943206400 1869784E-01 3.153203E-02 1488713E-03 3569601E-01
3B6449PE+00 1215213601 6875182602 9726890E.03 290443301
B748204E+00 SS15M7E02 SOR5002E-02 2250581E-02 2337230E-01
10832656401 B241187E-02 9361807E02 3897006E-02 1 326530E-01
18573726401 4359085602 9954999E-02 5585016502 1.387856E-01
2386291E+01 3O75004E-02 9532904E-02 7392001602 1.036015E-01
3337699601 2196749E-02 £951390E-02 $941861E-02 7557072E-02
4585984E+01 159919302 8A10461E-02 1.029035E-01 5356078E-02
B.228750E+01 1.195357E-02 7.386124E-02 1.141852E-01 2660894E-02
8398569E+01 9253954E-03 6751138E-02 1232347E-01 2389698E-02
1.121007E+02 7.482341E.03 5238099E-02 1301367E-01 1471331E.02
1485045602 6355111E-03 5856971E-02 1350752E-01 8412837E-03
17425226402 5911544E.03 5692427E02 1371642E-01 5816012E-03
2000000E+02 5621209E-03 5579548E-02 1385833601 4.075448E-03

CHEER  Copyright RESI 2001

SR SEIPEDA

ﬁ;ﬁﬁ’gl/rﬂi ( EIJ?FTI'WE“FUE« ) E“EAE\PJEE'JHT e SHAVER BT > P
I ELHTH BFAE 57 (Single step methods) - lﬂz‘:p“ﬁ; FRHRE Elizf'[f"fﬁrmj‘:ﬁ‘ v~ HER
AUEEED > iy ”*?NF'EJ“'EF R I RLREG T T A R T S
i EVAI D b o T s ) i 25 S Tffr*?w FVFREE (W H SRy ) i
S %5 HEUEeR o PRI iﬁ’ﬁ‘ & fﬁ@*ﬁljﬁ‘lﬂ » HIR] ﬁﬁ%l i 2RV 2]
BT A IR R RS H‘#ﬂ# F:{i_FIF SV o
B 5 T OB FEELRLAI BT Ry Y y ORI ST ] 2
S0 G AT IS - L B L 53 % RHPEA 53 B
HIET )RR 2 el hLRER TR BT s Y Eﬁ,ﬁ,i’?i (Adams method) [ £l
BIPRT" o TR ] % [ 2R 53 ok pofi 1o > Al P o = AP Rrsi e fﬁﬂxtr’ﬁﬁl“ 21
SV PR R EEEEL Y o SRSRR TRV 0 3 S 2 I BT
VR POglcse s S SRR ] LIRS Ol - .

bl

(867

AL BASS



% {8 ifmT 285

Ak L ERLA B T P RCRE [ e BRI Sy = £ O )
XI‘\FEEU}% X1’ ?E::U

x|+1 X|+1
[y =Yoa - o =[ 7 f 06 ) (8-4.1)
X X

P RS T BB O ) TR TSI KRG X X
4 IF GEAVENLY - FOE AR AT T, y(9) BT E] K PR
- Pl %A=Y (Adams-Bashforth formula) » H 5= £

U =U + hZﬂj Ui (8-4.2)
=
] = f(x;0uy) o F RS RV A 2 [ (8-4.2) N TE- TR

Uy =U +h LU+ Boui y + Bau) ] (8-4.3)

FIP IS BB uly 2 Ul 3 5 B E]

h2
u, =u —hu/+—u"+---
2

u_, =u; —2hu + (22) U+

[RE (8-43) » B ER ) ]
3

U = Uy 0B, + 5, + ) ~ AU, + 265) + U7 (B, + 45) ++- (844)

A (8-4.4) =y U5 BRI 0 T

U., =Uu +hu +h—2ui"+ h—3ui"'+ (8-4.5)
2 3
[ TP E] g
At+b+py=1
Bot2p3=—3
Lot afs =13
VU R f = 2 g, - fy = ¢ U S RS
i s
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u.

i+1 = ul

#1230, 160, + 5+ O() (8-46)

i LR RS A

k S A P A A
1| Ua=u+hu o(h?)
2 Uy =u+ 203 U o(h’)
h ’ ’ ’ 4
3 | Uy = +E[23 u -16u/ , +5u;_,) o(h")
4 |u, =u +2—Z[55 u -59u, +37u ,-9u ;] 0(h®)
5 [ Ui = +L[1901 u — 2774 ui_, + 2616 u/_, —1274 u;_5 + 251u;_,) 0o(h%)
6 | U, =U +—[4227u —7673u/_; +9482u/_, - 6798 U/_; +26271u/_, —425u, ] o(h")

R B D‘JE » SRR F[gﬁﬂﬁu[ﬂi& ’?’4[ | F R

RE
L FI R e e o R R R
BT 5 <

2. FH| st ’?‘Eﬁﬁﬁf’ﬁi His=1,2,.--= s=k » [FIH5 o
S EL Y5 2, T PR T SR o Rl S R RIS A
B i%‘xﬂ Shampine » Gordon guﬁl [13] -

DEE - AEBEE

HIA S (8-4.6) ibksT S

y'=x+y; I.C. y0)=1

X u u = f(x,y)=x+u
0 1 1.0

0.2 1.2428 1.4428

0.4 1.5836 1.9836
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iﬁir%“f“? [M=1#1y(0.2) * y(0.4) pugFtErip ( *IJE'JBR% ?‘I%iﬂ*’rﬁ ) FI R T
Hih=0.2 > F&f y(0.6) fUfi -
1A=t (8-4.4)

u(0.6) = u(0.4) + %[23 u'(0.4)-16 U'(0.2) +5u’(0))

=l.5836+%[23x1.9836—16x1.4428+ 5x1.0)
= 2.0426
[5F] IE'TU IEI 2.04424

ShEl DEAAIEA V4

il Eﬂg;g}ﬁ,’égi}?ﬁg¢ RLF BRI R o RN - R AR ik ’fé
TP EZV A 553 (Explicit Method) o fRF s T Ijﬁﬁ%ﬂf‘i‘{ilif FEAERIS EE= AT
P IR IR 0 - T R R YRR R T Y
Rl Akt B AET % (Implicit Method) » B A1 Hpi 1) AR L iR 0
< AR E BRSO o R SR M BT SR ) i R AR
(K %ﬁ”?ﬁ??ﬁuﬂ* ERT ik J/JF‘LIEIF' gﬂ' , mﬁ;] 'J%‘“*Sﬁ[ o3 PRLAE R
5 iitr,%% 2 5 [RHIPEORR ) IS AR 1 oy 3k -
[ 4 U A 5 3k ﬁ;mﬂ‘* ~ B AR T o R R
(8-4.2) dsxyib

Ky ko
z amun—m+1 + Zﬂmu;—mﬂ = O (8'51)
m=0 m=0

T, B =0 FHELEHNHA G > | By #OHFE ERPRAH 55 0E o F| ap =—a AP0V TR E HE
Z o BMANENEBATENRRGENE ) RO EINERIEA L E A EE
Yk, =1, kZ_BFIJgr[FiF%*ﬁi HAIF (8-5.1) [l R R Ay

Ui,p = Ui + (Bl g + AU+ Bouly + Baul ) (8-5.2)

b BEORHAE Y 20 R Ul Ul iy, Ul AR BR8]
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Uy =U +U (B + B+ B, +ﬂ3) + hu'”(ﬁo — B2 —2/3;)

h m iv (8-53)
+_U (ﬂo+ﬂ2+4ﬁ3)+ U (Bo — B —8B) +-+-
IS RS U 95 R B T P T
h2 h3 4
U, =U +hu +—u'+—u"+—u" +-. (8-5.4)
2 3 4
] B ozt St At
1
Bo+hi+pP+B=h ﬂo_ﬂz_zﬂszah
1 1
ﬁo+ﬁ2+4ﬂ3=§h ﬂo_ﬂz_Sﬂszzh
%Fﬁjﬂﬁﬁ’@ﬂ
9 19 -5 1
= — h , = — h f = — h , = h
Po=oqh » Pi=igh s o=t Ba=oy
ISR (8-5.2) » I Z] g Fi,;%*‘g f£1-=% (Adams-Moulton corrector) £%
U, =U + a[gu{+1 +19u/ —-5u/,; +u/_,) (8-5.5)
& =0(h®)
iﬁ% ENTRNE-Jul [l e o Fif,i’??"f'ﬁ (ET-24 o SR -
k Pl ST R = E
1 |y=u,+hu o(h?)
2 U =Ug +g[ Uj + U7, o(h*)
h r r r
3 |y :ui_1+E[5 u +8u, —ul,) o(h*)
4 |u=u, +2—Z[9 u +19u’, -5u’, +u/ ;) o(h®)
5 |u-u, +7—20[251 U+ 646U, — 264U, +106 U/, ~19U! ) o(h®)
6 |u=u, +ﬁ[475 W +1427 U, ~ 798U/, + 482U ,—173U_, + 27 U] o(h")
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SRR O L STy

1. FRANEIEAR
(1) AR R o) PYTEE BB R U U o Uy FTEPR SR
U;

o
i+1

(2) {‘ ;I H EI‘L[ F(]ﬂ{—gb’qiglii [é,?‘t :2‘1;: ’ —j“H'EI_[fFE IJUH1 I;E:I

2. FREEIE
B P SRR (BT o B Uy = F (X ) PR TR (85.4)
P EL Ul RS (A ) TS R E PR
=9t > WEF GO A :|J}‘H JEfFE - (Hamming's Method) » L& 1% (Gear
Method) » 53 BJRrip™ -

1. jEBH’% (Hamming's Method)

Ui, =Ui3 "'?(ZUi — U5 +2U{ ,)

- « 112
u:

el (I T
i+1 i+1 121(| i )

(8-5.6)

*kk 1 k1 , ,
Ui =§E9Ui — Uiy +3n(u;,; + 20/ —u/,)]

u

iv1 = Ui T (Uiyg — Uiyg)

121
P (=0 £ ¢ 1BM B fIA =" HPCG ™ HPCL -

2. E@/E (Gear Method)

ui+1 = ui:l _% F (8'57)
Hill u,, =-18u +9u, (+10u, . +9hu/ +18hu/_, +3hu_,

hu;,, =-57u, +24u;_; . +33u., . + 24hu/ + 57hu/_; +10hu’_,

F= hu:—l - hu,(Xi+l ' ui*+1)

u o =u, + 2 F
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hu,, =hui,, —F
F?rﬁf [“*=' £, : GEAR -~ GEARB - EPISODE - EPISODEB
FLEEF iﬁlﬁE'Jﬁ?ﬂ?F?ﬂ'pr Cifii= (stiff) | Fﬁj@ o F{’?F?I;J'Elfjmf H (stiffness) féjfﬁ—
AT T A S Y M EERE SRR T A S Jacobian LI 1R BT
(Eigenvalue) fit2|%r -

SN\ HEEERFE V4

dy.
™ Loany +apy,
dyX I.C. @x=0 y,=1 y,=0 (8-6.1)
d_X2 =any, taxy,
1 Jacobian #ifffi £%
d
Q _ |:a]_1 a-12:| _Z — Q y (8'62)
= |8y ay dx ==

Jacobian Fiff ElfJ’ﬁj Bl A KRS R iR

|:all -4 a } -0 (8-6.3)

PR It AR 2 B S 1
Y (ay +ay) A+ (a8 —a,8,) =0
ERGE (Y, Stiffness Ratio) £l

_max| A VIR |
- min| 2 VT |

A £% Jecobian $i 4% 1 (8-6.4)
¥ <10 I - 4R

¥ >100 = R
¥ >100000 7R Ok
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) S5
{5 RE 8-7 JBEL

BRERE

- IE:“%” FEASB-SC ,JEIH[E»F‘EPJAE/F‘@:E;;&H[F F}f}ﬂBpﬁixr‘gﬁ}

i+ k, =1000 -

I3 B Ml 5 Ao~ e iRl k, =1 (IR B~ T

R &P C R u}:ﬁg@}ﬁ BT ko =1 o S0 B aE5) R o B AT Y

J= A o

K> T;g%g PJE[SH,%@ ﬁ@ [/L;FIJ ,[\J EIJJ‘} S F{fj‘éﬁ:ﬁ.j —LJ?:E?C%‘_’T‘ :

dc,

=-k,C, +k,Cq
& @t=0 C,=C,, Cg=0
dtB =k Cp —(k, +k3)Cy

/L‘iﬁﬁ’%@ Cp ¥ Cgrl [ (™ FJ}L‘{‘_T pLE ) 1R “E[TF@’?&/

—=Qy yO=f of

= & iT _ _kl kz }
s |:CA0 CA0:| 2 {k1 —(k; +k3)

1. HAs ku%l VLT,

g 21000 oo | 1
1001 1001
1000 _so0x , 1000

1001 1001

, ==

S YRR TR T v, B A R R F ot e
2. Jacobian Fifif m[f‘j‘ il

~1000-4 1 0
1000 -2-1|

A% +10024 +1000=0
=1 4,=-1001
¥ =1001

3. W >100 5 i i -
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BRI TEEEDE V4

[ﬁﬁﬁ ’ﬁl*ﬁﬁ PR BIAVERZAG 57 (Explicit method) » [RF=» (! J‘)%FEF%I%%{%:"[‘QEF
ot o F |g£| PR A3 (Implicit method) FITR* o AR L1 T
B ey ?l,ﬁi (Runge-Kutta Method) [v— &=t > mﬁﬁm ;fﬁ»;, R e
U, =U, +ij hK; (8-7.1)
j=1
F Ila) 3 f[;lﬁ‘“ N RERAEESY X &= leHl [JE’!@\T, K B % = leH[ (VA %!‘BJ#}‘[
el

K(x,u)= f(x,u) X < X< Xy
j-1

K, =f(x+ch,u+> a,hK)) (8-7.2)
s=1

¢ =0

e ’{E‘l PR WA (8-7.2) [l K| FT A ST RN A A

j
K, =f(x +c;h,u, +ZajshKS) (8-7.3)

EAEE AR (8-7.2) WA (8-7.3) 0 T a@%ZaJshK AR I -1

sy [ o BAGETKG I K& SRR - 9 R K OIS AT
-
qr Frj E g ey i ?I(fl HER "fﬂ/

- RS iR
12 12
1

Uiy = +hKy

h h (8-7.4)
K,=f(x +—,uU +—K
1 (><.+2 U+ 1)
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= RS e R
143 1 143
2 6 4 4 6
143 143 1
2 6 4 6 4
1 1
2 2
h h
1 43 h 1 43
K,=f(X +(=-—7)h,u +—K, +(=—-—)hK 8-7.5
1 (| (2 6) i 4 1 (4 6) 2) ( )
1 43 1 43 h
Kzzf(xi+(5+?)h,ui+(Z+?)hK1+ZK2)

£/\E FRIFEEE £
S — ¥ BB S
s RO dyfdx=£0c ) o BT EOG ) B xRy PR g e
i POl (5800 2 PRARIS AR DL - SRRSO A (T - ]

d(%}z%dxat(;iydy: fdx+ f,dy
i

Yy gAY g

dx oy dx
e

d[i;!}=%(fx+ fyf)dx+%(fx+ £, f)dy
s

%}zfm+gfx+wa+ff+ffWH
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RS (x, , y,) (55 WARGEHE > 92
Yo =Y, +hf + h* (fX + fyf)+h—63[fXX + f f, + (21, + fy2 + ffyy)f]+...o(h4) (8-8.1)
F}fff%ﬁﬁi‘ﬁﬁfﬁfflf o dy/dx=F(y) - ETHTE() = x R T R T 2
T X 2 o T T (R S = BRI S e 1) 2R @ﬁﬁ%@ f(Ynis2)

ek o 1]
yn+l = yn + hf (yn+1/2) (8'82)

TR A dylax=f(y) 0 T IRE

yn+ - yn

%ZT = f (yn+l/2) (8'83)
AR (8-83) 4 A (8-8.2) ([ I HE]

Yna =Ynt 2(yn+1/2 - yn) (8'84)

R (8-8.) WEBIVEE 1O - HIFE

Yo =Y, + Nf +h—f f
2 (8-8.5)

2

h
—yn+hf (yn)+ f f(yn+l/2)

y Iy
Ay, 112) =T(x, +h/2,y(x+h/2))

\ ‘¥(Xn+1 )

Yn+1=Yn+hf(Yn+1;’2)

¥

8.4 LIFREMERFERELE
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AU (8-83) WA (8-84) [* T L (8-8.5) i W

il (8-8.6)

Yoz = Yn = 2——hfy

IR (8-8.4) » #HE]

h f
yn+l yn h (8'87)
1-—f
2 y
2 3
h h o R

HI) EH RS B RO D Yo =y, + D +7f f+7f ft-
=U (8-8.1) Fiit > H G, 0(h?) -
U (8-87) FrS G i

= j;r,

A0S [T R i A

U, =u +K;
K, = (1—2 f,)ht (8-8.9)
E, =0O(h%)
ST MR A dy fde= T (x,y) o HT RO y) B xRy e T
RIS (8-8.8) (U HIS
Upy =U, + Ky

Ky=(1-59)*hf (x,u,)
(8-8.9)

o
‘]ij :(_,)Xn
j

E, =0(h?)

S EXBXTEEE

I vt o [Ei% SR AITRTAV T - dy/dx= f(y) -
A Jﬁ"‘ﬁl[ﬂ prtj Nt Uﬂ;{ﬁ s =4 }H =55 1A (BT
e

STy x T
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d(%} =%dx+%dy=0+ f,dy= f,dy
£
I B
dx oy dx
[Fil !
d(%}z%(fx—i— fyf)dx+%(fx+ f, f)dy
£
%: 204121,
AR BEST U RZNE (x, ) (55 BRI > 2]

h? h?
=y, +hf +—f f+—
yn+1 yn 2 y 6

@?ﬁﬁﬁm:%i%ﬁﬁﬁ%%ﬁ%?#%
U, =Uu +o,K; + w,K,
K, =(1-ahf,)*hf
K, =(-ahf,)™"K,
R KW K P95 ] ]
K, =hf 1+ ahf, +a?h?f2 +--)
K, =hf (1+ 2ahf, +3a’h*f? +--)
R R

U, =u + oK, +o,K,

=U; + (@, + w,)hf + (0, + 2w,)h%af  f +O(h®)

W (8-8.12) F fﬁfiﬂa)1+w2=1,a)1+2a)2=2—]-a i 7]

4a-1 1-2a

P17 T0q 2T

(F2f + £2f,)+---O(h?)

(8-8.10)

(8-8.11)

(8-8.12)

(8-8.13)

(8-8.14)
(8-8.15)

(8-8.16)

(8-8.17)

RUTITAT o PV R B dy/ax=f(y)=dy 0 HR (8-8.13)
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[
K, = (1— ahf ) *hf = hAu,
(1-ah)
hAu,
K,=01-ahf,)*K,=———
2 ( y) 1 (1—ahﬂ,)2

[ HA (8-8.16) 0 T (EIEZE > HE]
U, =U + oK, +o,K,
U1+ 4a-1 hA +1—2a hA ] (8-8.18)
2a (1-ahi) 2a (1-aha)?
1+ (1-2a)hA + (a? 2a+1)(h}t)
B (1—ah)?

F;'J‘Eﬁ:‘ﬁ?n P o ool DA (o R AR > ol AR
(hA)2 i (B % s e -2a+1=0 » H il a= 1+ﬁ S X UTARET ] F
AR Y IR BRI a=1- L EEE o P (AR (8-8.17) 0 HE

a:l—ﬁ a)lzl—ﬂ @, =£
2 2 2
['*‘[fl'*ﬁﬁ?“ (8-8.13) » HE|
U, = U +(1—£)K ﬁ
2 2
K, =[1—(1—§) h fy]‘l h f (8-8.19)
V2

Ko =[1=(@==7)h f 17Ky

S BHMB T (Rosenbrock) ¥ EXBra ER =
REAT VPR PR (8-8.13) Frl— 4

Ky = (- a,hf ) ht (8-8.20)
K = (L= ahf, (U, + Gyt (4, +BKy)
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[ AR i o AT A IR -

- R 55 13 b REART) EV N
Trapezoidal Calahan Rosenbrock
a 0.5 0.788 675 134 1-+/2/2 1.408 248 29
a, 0.5 0.788 675 134 1-42/2 0.591 751 71
by 0 ~1.154 700 540 J212-1/2 0.173 786 67
o 0 0 0 0.173 786 67
o, 1.0 0.75 0 -0.413154 32
@, 0 0.25 1.0 1.413 154 32
E O(h*) O(h*) O(h*) O(h*)

S L B¥ERELTEHLE (Caillaud & Padmanabhan)

U, =U +o,K;, + o,K, + ;K5
K,=(1- alhfy)‘lhf (u)

) (8-8.21)
K, =@~-ahf,)~hf (u; +b,K,)
K3 = (1— alhfy)ilhf (b31K1 + b32K2)
Hlra B4R af - 38y +3/2a, ~1/6= 01 -
a, = 043586652
b, =3/4
1
by, =~ — & —by, = —0.274684
by =+ (= — &, +a?) =~0.105627
36
o -1 0, =28 -1
Y 22t ’
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S BEXREBAMFTERL (Michelsen)

B S T (8-8.20) [lI KUk > HE]
U, =U + oK, + o,K, + ;K4
K,=(1- alhfy)‘lhf (u)

B (8-8.22)
K, =(1-a,hf,) " hf (u; +b,K,)
Ks=(@1- alhfy)_l(b31Kl +by,K))
Hplra fHAH o —3af +3/2a, —1/6 =0 -
a, = 0.435866 521508 4589
b, =3/4
by, = —6i (8aZ — 2a, +1) = —0.630 202 088 724 4523
3y
by, =9£(6al2 — 6a, +1) = -0.242 337 891 260 0452 (8-8.23)
a

o, =X 1, —1037609496131859
27

0, =5 b, -0.8349304838526377
27

w; =1
ST MR dy /= T, y) TG Y) B xRy R A
ﬁ%fu?“ﬂﬁﬁ ?‘li’ﬁ*ﬁ Bh— FREAVH I iR - A5 *ﬁﬁiﬁ%f%lﬁg,ﬁ i Jacobian
WS BT PR - TSI RS (8-8.21) Ut HIS
U, =U + o, K| +0,K, +w3Kq
Ky=( —ahd) i f(xu)+ha f ]
K,=(- alhi)’lh[ f(x +b,h,u; +b,K,)+ halix]
Ks=(1-ahd) by (K, +h*ay f )+bsy,(K, +h%ay f )]

(8-8.24)

Hilis2hra b, by by, 0, @ BHFRHAIF (8-8.23) pufif
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" Semi-Implicit Runge Kutta Method
" For Initial Value ODE

" Program Developed by Dr. Ron Hsin Chang

Private Sub SemilmplicitSolver(Xpos, Ypos)

Dim Y0(20), Weight(20), Y(20), DF(20, 20) As Double
Dim Neqn As Integer

Dim NP As Integer

! ================== |JSER'S SPACE

Negn=4: ' Number of egns.
Cls

Print "Number of Equations N = ";
Negn = Val(InputBox("  Number of Equations =", "™, Negn, Xpos, Ypos))
Print Negn

Print "> Enter Limits of Integration:"

Print "Lower Limit of X =";

Lower = Val(InputBox("  Lower Limit X0 =", "Low Limit of X", Lower, Xpos, Ypos))
Print Lower

Print "Upper Limitof X =",
Upper = Val(InputBox("  Upper Limit XS =", "Upper Limit XS", Upper, Xpos, Ypos))
Print Upper

Print "> Initial Step Size ="

HO = Val(InputBox("> Initial Step Size =", ™, (Upper - Lower) / 1000, Xpos, Ypos))
Hsav = HO

Print HO

'--ERROR TOLLERANCE

Print "> Error Toleranceon Y = ";

RelErr = Val(InputBox("> RELATIVE ERROR TOLERANCE ON Y =", "Error Tolerance", 0.0001,
Xpos, Ypos))

Print RelErr

' -- Print Details
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Print

PrtAll$ = InputBox("> Print Detail Information <Y/N> ", "Print All ?", "N", Xpos, Ypos)
Print

"--PRINTING CONTROL

Print

NP = Val(InputBox("> PRINT INTERVAL = (<10 best) ", "NP", 5, Xpos, Ypos))

Print

MsgBox ("Ready To Proceed")

Cls

"--INITIAL CONDITIONS

Print "> Enter Initial Conditions:"

Print

Forl=1To Negn
Print" YO("; ;") ="
YO(I) = Val(InputBox(" Initial Condition =", "DATA ENTRY", , Xpos, Ypos))
Print YO(I)

Next |

Print

" --Vector of Error Multiplier for Individual Components

Print "> Enter Error Multiplier for Individual Components:"

Print

Forl=1To Negn
Print"  Weight("; ;") =",
Weight(l) = Val(InputBox(" Error Multiplier =", "Error Multiplier", 1, Xpos, Ypos))
Print Weight(1)

Next |

MsgBox ("Ready To Proceed")

Call Stiff Equation Solver - Stiff2000
Call Stiff2000(Neqn, Lower, Upper, HO, YO0, Y, DF, Weight, RelErr, NP, PrtAll$)
End Sub
Private Sub FunSys(X, Y, F)

User Defined Differential Equations
in the form of
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F(4) = F(1) - F(3) - 0.05* Y(4) * Y(4)
End Sub

Private Sub DFunSys(X, Y, DF)

User Defined Jacobian Derivatives Matrix
in the form of

' DF(1,J) = dF(X, Y)ldY(J)

-0.1%Y(4)

Public Sub Stiff2000(Neqn, Lower, Upper, HO, YO, Y, DF, Weight, RelErr, NP, PrtAll$)

! kkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkx
1

Implicit Runge Kutta Differential Equation Solver
Program Developed by Dr. Ron Hsin Chang @ Year 2000

! kkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkx

Negn Number of Equations
Lower Lower Bound of Independent Variable
Upper Upper Bound of Independent Variable

HO Initial Step Size
©YO(l) Initial Conditions
YD) Function Value after Integration
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DF(1,J) Derivative Matrix after Integration
Weight  Vector of Error Multipliers for Y(1)
" RelErr  Relative Error Tolerance
" NP Number of Printing Intervals
" PrtAll$ Print Detail Control

Dim IP(20), Yold(20), Yold1(20), YA(20) As Double
Dim YK1(20), YK2(20), YK3(20), X As Double
Dim W(20), F(20), Fold(20), DFold(20, 20) As Double

Initialize

Call MachineErrorCheck(U20, RelErr)
Iflag =1
X = Lower

Put YO to Y for Initiation

For1=1To Negn
Y(I) = YO(I)
Next |

Print Report Tittle & Initial Conditions

PrtEnt=1

Call ReportStiff(PrtEnt, Negn, X, Y, RelErr, AbsErr, HalfSizeCounter, AdjustRatio)
PrtEnt = 2

Call ReportStiff(PrtEnt, Negn, X, Y, RelErr, AbsErr, HalfSizeCounter, AdjustRatio)

CALL Implicit Runge Kutta Solver
Call IntegrationController(Negn, NP, Lower, Upper, HO, RelErr, Y, Yold, Yold1, IP, YA, YK1,

YK2, YK3, DF, DFold, F, Fold, NPTT, Weight, HalfSizeCounter, AdjustRatio, PrtAll$, U20)
End Sub

Public Sub ReportStiff(PrtEnt, Neqn, X, Y, RelErr, AbsErr, HalfSizeCounter, AdjustRatio)
Select Case PrtEnt

Case 1
Cls
Print "SOLUTION with Abs Error =";
Print Format(AbsErr, " 0.00E+00");
Print" RelErr="
Print Format(RelErr, " 0.00E+00")
Print nnnnnnnnnnnnnnnnnnnnnnnnn
Print " X "
Print " Y(i) "
Case 2
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Print Format(X, " 0.000000E+00");
For IK =1 To Negn
Print Format(Y(IK), ©  0.000000E+00");
Next IK
Print Format(HalfSizeCounter, " 000");
Print Format(AdjustRatio, " 0.00E+00")
‘MsgBox "Ready"
Case 3
Print Format(X,"  0.000000E+00");
For IK=1To Negn
Print Format(Y(IK), " 0.000000E+00");
Next IK
Print Format(HalfSizeCounter, " 000");
Print Format(AdjustRatio, " 0.00E+00")
End Select
End Sub

Public Sub IntegrationController(Negn, NP, X0, Xfinal, HO, RelErr, Y, Yold, Yold1, IP, YA, YKL,
YK2, YK3, DF, DFold, F, Fold, NPTT, Weight, HalfSizeCounter, AdjustRatio, PrtAll$, U20)
Static E, ES, ErrRatio, X As Double
Static IPivot(30), CheckFlag, Icount, NPrtOut As Integer
"Icount =0 except for last step which ends exactly at Xfinal
Icount=10
NPrtOut = 0
X=X0
StepSize = HO
If (X0 + 2 * StepSize < Xfinal) Then
CheckFlag = 2
Else
ChexkFlag = 1
Step longer than interval
End If
Do
If CheckFlag = 1 Then
StepSize = (Xfinal - X) / 2
Icount=1
End If
Do
If (Icount = 0 And X + 4 * StepSize > Xfinal) Then StepSize = (Xfinal - X) / 4

Evaluate Function and Jacobian

HalfSizeCounter = -1
Call FunSys(X, Y, F)
Call DFunSys(X, Y, DF)

Keep Values which are used in Half-step Integration
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For1=1To Negn
Yold(l) = Y(I)
Fold(1) = F(1)
ForJ=1To Negn
DFold(l, J) = DF(l, J)
Next J
Next |

Perform Full-Step Integration

Call SemilmplicitRungeKutta3(Neqn, IP, F, X, Y, YK1, YK2, YK3, DF, 2 * StepSize, U20)
For [ =1 To Negn

YA() = Y(I)
Y(I) = Yold(l)
F(1) = Fold(1)
ForJ=1To Negn
DF(I, J) = DFold(l, J)
Next J
Next |

Full-Step Finished
Compare Full-Step and Half-Step Results

HalfSizeCounter = 0
Do

HalfSizeCounter Counts Number of Steplength Bisections

HalfSizeCounter = HalfSizeCounter + 1

Call SemilmplicitRungeKutta3(Neqgn, IP, F, X, Y, YK1, YK2, YK3, DF, StepSize,
U20)

Call FunSys(X, Y, F)
Call DFunSys(X, Y, DF)
For I =1 To Negn

Yold1(l) = Y(I)
Next |
Call SemilmplicitRungeKutta3(Neqn, IP, F, X, Y, YK1, YK2, YK3, DF, StepSize, U20)
E=0

Half Step Integration Finished
Compute Derivatives and Compare with Error Tolerance

For | =1To Negn
ES = Weight(l) * Abs(YA(I) - Y(I)) / (1 + Abs(Y(1I)))
If (ES >E) ThenE =ES

Next |

ErrRatio = E / RelErr
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AdjustRatio = (4 * ErrRatio) * 0.25
If (ErrRatio <= 1) Then

Exit Do
Else

Deviation Too Large
Return to Half Step with Smaller StepSize

Forl=1To Negn
YA(I) = Yold1(l)
F(1) = Fold()
Y(1) = Yold(l)
For J=1To Negn
DF(l, J) = DFold(l, J)
Next J
Next |
StepSize = StepSize / 2
Icount=10
End If

l) =
) =

Loop
Adjust Y-Vector

For | =1 To Negn

Y(O) = Y1)+ (Y(1) - YA() /7
Next |

X=X+ 2* StepSize

Compute Next Stesize and Print Detail

AdjustRatio = 1/ (AdjustRatio + U20)

If (AdjustRatio > 3) Then AdjustRatio = 3
StepSize = AdjustRatio * StepSize
NPrtOut = NPrtOut + 1

If PrtAll$ = "Y" Then

PrtEnt =3

Call ReportStiff(PrtEnt, Neqgn, X, Y, RelErr, AbsErr, HalfSizeCounter, AdjustRatio)
End If
If (Int(NPrtOut / NP) * NP = NPrtOut Or Icount = 1) Then

PrtEnt = 2

Call ReportStiff(PrtEnt, Neqgn, X, Y, RelErr, AbsErr, HalfSizeCounter, AdjustRatio)
End If
HO = StepSize

If (Icount = 1) Then Exit Sub
Loop While (X + 24# * StepSize < Xfinal)
CheckFlag = 1
Loop While Icount <> 1
End Sub
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Public Sub BACK(Neqn, IPivot, A, V)
" Solution of Linear Equation by
Back-substitution After Decomposition

Nml=Negn-1
Forl=1ToNml
pl=1+1
K = IPivot(l)
If (K <>1) Then
Call Swap(V(l), V(K))
End If
ForJ=1pl To Negn
V() = V(J) + A, 1) * V(I)
Next J
Next |
V(Neqn) = V(Neqn) / A(Neqn, Negn)

For 12 =2To Negn
[=Negn+1-12
pl=1+1
For J =1p1 To Negn
V(1) = V() - AL, J) * V(J)
Next J
V() =V TAl )
Next 12
End Sub

Public Sub Swap(A, B)
X=A

A=B

B=X

End Sub

Public Sub LU(Neqgn, IPivot, A)
" LU Decomposition for Tridiagonal Matrix Equation

IPivot(Negn) = Neqgn

Nml = Negn -1

Forl=1ToNml
X=A(1)
If (X <0) Then X = -X
IPivot(l) =
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pl=1+1
For J =1p1 To Negn
Y =A{J, )
If (Y <0) ThenY =-Y
If (Y > X) Then
X=Y
[Pivot(l) = J
End If
Next J
If (IPivot(l) <> 1) Then
K = IPivot(l)
For J=1To Negn
Call Swap(A(l, J), A(K, J))
Next J
End If
ForJ=1pl To Negn
X=-AJ, ) TALT)
A, 1) =X
For K = Ip1 To Negn
A(J, K) = A(J, K) + X * A(l, K)
Next K
Next J
Next |
End Sub

Public Sub SemilmplicitRungeKutta3(Negn, IPivot, F, X, Y, YK1, YK2, YK3, DF, StepSize, B)
Static Beta(4) As Double

Static Alpha As Double

Alpha = 0.435866521508459

Beta(1) = 1.03760949613186

Beta(2) = 0.834930483852638
Beta(3) = -0.630202088724452
Beta(4) = -0.242337891260045

For1=1To Negn
ForJ=1To Negn
DF(l, J) = -StepSize * Alpha * DF(l,
If (Abs(DF(l, J)) < B) Then DF(l, J)
Next J
DF(I, ) =DF(Il, ) + 1
Next |

J)
=0

" Perform Triangular Decomposition and Evaluate K1

Call LU(Neqn, IPivot, DF)
Call BACK(Neqn, IPivot, DF, F)
Forl=1To Negn

YK1(l) = StepSize * F(I)
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YK2(1) = Y(I) + 3/ 4 * YK1(1)
Next |
Call FunSys(X, YK2, F)
Call BACK(Negn, IPivot, DF, F)

Evaluate K2

For[=1To Negn
YK2(1) = StepSize * F(I)
Y(I) = Y(I) + Beta(1) * YKL(I) + Beta(2) * YK2(1)
YK2(I) = Beta(3) * YK1(I) + Beta(4) * YK2(I)
Next |

Evaluate K3
Call BACK(Neqn, IPivot, DF, YK2)
For=1To Negn
Y(1) = Y(I) + YK2()
Next |
End Sub

Public Sub MachineErrorCheck(U20, RelErr)

Calculate Machine Round Off Error
ReMin = 0.0000000001
Eps = 1#
Do
Eps=Eps/2
EpsP1=Eps+1
Loop While EpsP1 > 1
U20 =20 * Eps

Rer =2 * Eps + ReMin

Check for proper error tolerance
If RelErr < Rer Then
RelErr = Rer
End If
End Sub
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a2 AR

1. EIF2s{ Private Sub FunSys(X, Y, F)
(B O BT HAER S AR
F(1) = (X, Y(J))

2. ElFE3 Private Sub DFunSys(X, Y, DF)
0P 3 5 R PR B AR g
DF(1,J) = dF(X, Y)/dY (J)

3. HI#2= Public Sub Stiff2000(Negn, Lower, Upper, HO, YO, Weight, RelErr, NP,
PrtAll$)
fpl ™8 v S B AR e B R ot ﬁ]J%Q?E[IET*E?“ Stiff2000
PR 5538 TR SIA] -
Negn = HAVEEE!

Lower = A5 *[l> ] X0
Upper = Afis5 FLs ] Xf
HO = 5 SRS

YO = Wik

Weight = 5 BT E

RelErr = ffISfFEE
NP = SIS fle
PrAll$ = 318l 1
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RelErr = 1.E-3 NP-=1

(8-95)
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RelErr =1.E-5 NP=2

RelErr =1.E-6 NP=5
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ERH
Lo R e R S AR » SRR o BT < [N

PR TR e FISIRDE |1 LE-3 d-i@% LE-6 - £fF frisfes s

7\{ °
2. USRHISEE Bt o SF IR BRI 85 T o T KSR

[/l °
100
I ——# Steps

# Steps

\‘}
10

1.00E-06 1.00E-05 1.00E-04 1.00E-03
RelErrr

85 MHRERFIEXH

3. H MY LA AR E T BOHEAL L s D A B ST o B
RGBT o [ ﬁtlﬁfﬁ%ﬁéﬂ i‘ﬁfdl*—g;ﬁ (s EAEE R

Sub DFunSys(X, Y, DF, U20)

User Defined Jacobian Derivatives Matrix
" in the form of

' DF(1,J) = dF(X, Y)ldY(J)

By Central Difference
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Static F1(20), F2(20), Y1(20), Y2(20) As Double
ForJ=1ToN

Call YplusEps(Y1(J), 0.000001, U20)
Call YplusEps(Y2(J), -0.000001, U20)

ForI=1ToN
If (I <>J) Then
Y1(I) = Y(I)
Y2(I) = Y(I)
End If
Next |

Call FunSys(X, Y1, F1)
Call FunSys(X, Y2, F2)

ForI=1ToN
DF(I, J) = (FL(1) - F2(I)) / (YL(1) - Y2(1))
Next |
Next J
End Sub

Sub YplusEps(Y, Eps, U20)

If (Abs(Y) < U20) Then
Y=Y +Eps
Else
Y=Y*(1+Eps)
End If

End Sub

HRGEF 4770 (Robertson Rate Equation, [11]) » 1 9 FERT BTV HIRE «
&,
dt

% —0.04y, —10%y,y, — 3x107 y2

=-0.04y, +10%y,y,
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dy, 7.,2
—==3x10
ot X Y

I.C. y,=1,y,=Yy,=0; t=0
A :
=1 8-8 %?“Hiﬁfjﬁfji@?“‘ Sub FunSys(X, Y, F) UF&'J?E?“ Sub DFunSys(X, Y,
DF) > g+ B o 1 PR R 5t = AR - S g 4 WJ@EI’?%T’;'/IE?“ °

Sub FunSys(X, Y, F)

User Defined Differential Equations
in the form of

F(I) = F(X, Y(9))

04 % Y(1) + 10000 * Y(2) * Y(3)
(1)-3*10°7*Y(2) * Y(2)

-0

-F(1) -3
-F(1) - F(2)
ub

=
o
w i

Sub DFunSys(X, Y, DF)

User Defined Jacobian Derivatives Matrix
in the form of

DF(1,J) = dF(X, Y)/dY(J)
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S TIFF2000

|

SOLUTION . with AbsErr = RelErr— 10DE03

X (i)

0.000000E+00 1.000000E+00 0.000000E-+00 0000000 -0

B 2E0000E-04 9.999750E-01 2177636605 3 223227E-08 006 1 43E-+00
1516807E-03 9.999392E-01 3.403634E-05 2 E71362E-05 001 2.7RE+00
30E3R43E-03 9.999407E-01 3.64B540E-05 1.227977E-04 001 1.87E+00
BBO3400E-03 9.995564E-01 3.645084E-05 3.0718684E-04 001 3.00E+00
2 24G303E-02 9.991053E-01 3.635003E-05 §.583850E-04 001 3.00E-+00
5A041B5E-02 9.574702E01 3.605864E-05 2493730E-03 001 3.00E-+00
1.867775E-01 O.827221E-01 3519775605 7.242718E-03 001 3.00E+00
5E29BG1E-01 9797214601 3292872605 2 (24564E-02 001 300400
1.GA5E0RE+00 9.467524E-01 2.804509E-05 5.121960E-02 001 1.7GE+00
3B5G344E400 9.108033E-01 2302782E-05 B.917370E-02 001 1.39E+00
5.394514E+00 6.748253E-01 1.916329E-05 1.2515556-01 001 1.42E+00
1.000000E+01 5.413678E-01 1.623568E-05 1.586159E-01 001 1.52E-+00

CHEER  Copyright RESI 2001

SUE B RIS EIE {

it~ W) PR LT AR R D P OB o [ G
o PRI R P AL B R R N (R
@w%ﬂ~waw A

d_t_:—*yH‘) yt=0)=y, (8-9.1)
—
PG = BT ¢ R S R (8-9.0) ff I ERRERE VR FE o ¥
EUHR ] TR R A (8-9.0) T E

Ay =-b (8-9.2)

S A D (NXN) ol - 5553k A EBEY T R8I0y, B0 (8- bsa

W@?U*%i%—j&ﬁﬁﬁﬁgw =-A"b - EUE”“?;H %5y HF (8-9.1) I‘Jﬁﬁ N N
S SR 0 PP o SRS RO AP B T AL
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o JS SR dy/di= AT S N S SRS o R -

A e, BT T TAIP ) A o2 S B i -
HRAF (8-9.1) puis =TT AL dy/dt = Ay o IS DT RS &mﬁ*{qﬁwﬁt

uexp(At) - [T ST R T A
u Aexp(at) = Auexp(At) (8-9.3)
Y Au=Au (8-9.4)
AT R W (©9.4) KT AU SR Ut
Ejzﬁii F'ij SYPUE o A (8-9.4) ARH T HEE] N[ T [ U’F‘jfi‘ﬂﬁ *[F' Fﬁ

fgm;@ ) F‘ PSS i) A N DR [LJ;?J%L I H] F’?‘j\@ﬁj#ﬁiﬁfib;{?ﬁﬁj[jﬁﬂ
FIFH sy REE (Principle of Superposition) %] #5755 A= (8-9.1) IJ#mﬁZE L

YO = YU el +y, (8-9.5)

S S, T = OB B X y(t=0) = y, R » g pirt st
(8-9.5) 'l HE

—ZN:C@ =Uc (8-9.6)

It UL A B i, A2 % S BRSO - IS A3 B
m@é\:gg S (396 7 r@ ) H LB

U™y, -y )=Y,-Y, (8-9.7)

R AR BEEIRIORA Y A=UAU™ - (SIS S0 (8-9.0) it ] 2]

dy
= =AU 'y+b

. (8-9.8)
dy y) 1 1

Y=U"y=exp(Atic+Y., =exp(A)Y, + (1 —exp(AD)Y,, (8-9.9)
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F B RS L AR [T D PR R B
y=Uexp(anU ty, +U|1 -exp(an] y,

(8-9.10)
~U exp(AnU *y, + A”b)-Ab

HEEE T
PRI BT ey ARk R
R RIHIE - AT S (80.0) FUlNEH -
S 2 S A ) b
ﬁ%ﬁ@é@ﬁ%@’fﬁjﬂﬁ%ﬂ@
AR AEAy, =-ATD Y A=UAU™ ﬁ:ﬁy UA™U b -
(1) FroRju e b PR BRI e
(2) FUH w5 i 7 Sk PR TR 000 20 BRI I w1
(3) R > FETy, =-Uw, -
5. FIHHAHZ (8-9.10) FHETY -

(1) F,ir_;ﬁu ey -y BESS WE['.& BRIl g FI T 5

(2 FIH v_vaﬁ”fﬂ I lﬁﬁ?@” IR exp(At) A o HEIET 0 & ER

Wy exp(A;t) » I B wy s
(3) i » FHETy =Uw, +y o AE T A

Ao D

SRS FEANEE R

(TET Fi%ﬂiu M [ WA R dE 1= M-1 vy (=i gz - |
P =y M B Bos 0 e I N R A s ey 2N
[~ Bt 50 A

S5
HigE 8-10 WS NE L CaPak bV
RO A N B 5 R (R B
d°0_p99_gy_g (8-9.11)
a2 =dt =
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deQ/dt

FIVRUHAEEY (8-9.11) il HAy

de

— =Bf+

5B

@,

a =7

(O

d B AL
HEM £ (NX2N) 9T S B R
ﬁi’%’[ﬁfﬁﬂ?ﬂ*gjﬁ“’

s A Ly LB

L

(N ]T

(8-9.12)

(8-9.13)

(8-9.14)

s U (8-9.04) I IFEIP I Ay

X <
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